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Introduction 

Let k be an algebraically closed field, let tt: X —> B be an elliptic surface 
defined over k, and let Xk be the generic fiber of it, which is an elliptic 
curve defined over the field K = k(B), the function field of B. If / : Y — > B 
is a genus one fibration locally isomorphic to X (in the etale topology on B), 
then Y corresponds to a principal homogeneous space Yr over Xk which is 
everywhere locally trivial. The goal of this paper is to study the geometry 
of such surfaces. Of course, the main interest is when X, B and Y are 
instead defined over a finite field F. In this case, the set of isomorphism 
classes of everywhere locally trivial principal homogeneous spaces for Xk is 
conjectured to be finite. This is known to hold in case X = D x B, where 
D is an elliptic curve D defined over F, or X is a rational surface, by work 
of Milne |18j, I19j. or X is a K3 surface defined over F, by work of Artin and 
Swinnerton-Dyer [2j. Since the appearance of [2], little progress has been 
made in the function field case, and it is our hope that the geometric study 
of principal homogeneous spaces, over an algebraically closed field, may give 
some clues as to how to attack the finiteness problem over finite fields. 

Suppose that f:Y — > B is a genus one fibration, everywhere locally 
trivial. Let n be the smallest positive integer such that there exists an n- 
section of /, in other words an irreducible curve flcy whose intersection 
number with a fiber of / is n. Fix a divisor D on Y, not necessarily effec- 
tive, such that the degree of the restriction Oy{D) to a smooth fiber is n. 
For simplicity, we also assume in the introduction that every fiber of /, or 
equivalently tt, is irreducible. In this case, D is specified by its restriction 
to a generic fiber up to adding an integral combination of smooth fibers. 
In particular, the rank n vector bundle f*Oy{D) on the base curve B is 
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determined up to tensoring with a line bundle on B. Of course, by rela- 
tive duality, it is essentially equivalent to consider the rank n vector bundle 
R 1 f*O y (-D) = {f*0 Y {D)) v (g> u' 1 . Here u is an invertible sheaf on B 
pulling back to the relative dualizing sheaves wy/pi, resp. tox/w 1 on resp. 
X. If B = P 1 , then we can write 

n 

R 1 f*0 Y (-D) = ($0 ¥l (a i ) 
i=i 

for unique integers ol\ < a 2 < • • • < a n . Geometrically, the significance 
of the bundle R l f*0 Y {— D) is as follows: for n > 3, the divisor D is rel- 
atively very ample and induces an embedding Y in the projective bundle 
¥{R l f*0 Y {-D)) over B (and realizes Y as a double cover of V(R 1 f if O Y (-&)) 
in case n = 2). 

Ideally the vector bundle R 1 f*0 Y (—D) should be fairly well behaved. In 
particular it is natural to ask if it is semistable. This is not possible for many 
reasons. For example, if B = P 1 , then a bundle 0" =1 Opi(aj) is semistable 
if and only if ol\ = ■ ■ ■ = a n . But D 2 = —2 on + (n — 2)d, where d = 
x(¥\ an d D 2 mod 2n, which is clearly an invariant of the restriction of 
D to the generic fiber, is an essentially topological invariant. In particular 
one can show that many values of D 2 mod 2n occur, so that D) 
cannot in general be semistable. However, again in the case B = P 1 , one 
could ask if, in the above notation, |aj — otj\ < 1 for all Equivalently, up 
to a twist, is R 1 f*Oy(-D) always of the form 0* x C P i(-l) n " fe ? Define 
the pair (Y, D) to be rigid if B = P 1 and there exists an integer t such that 
f*0 Y {D) ^ C P i(t) fc Opi(t - l) n ~ k . Thus (for the case B 2* P 1 ), if (Y,D) 
is a rigid pair, then R 1 f^Oyi—D) is optimal in various senses: as a bundle 
over P 1 , it is both rigid and generic in moduli. 

It is easy to see that not every pair (Y,D) is rigid. However, in some 
sense, every pair is not too far from being rigid: 

Theorem 0.1. Let f : Y -> B = P 1 , D, and n be as above. Let d = 
x(X;Ox), and suppose that the characteristic of k does not divide n. Let 
R 1 f*0 Y {-D) = 0™ =1 Opi(ai) with ai < a 2 < ■ ■ ■ < a n . Then < a n - 
olx < 3d/2. 

In fact, we prove a slightly better bound. In the cases where one can 
compute all possible examples by hand, namely n = 2, 3 (and presumably 
4), one can check that this bound is essentially sharp. 

To put this result in perspective, to obtain further inequalities among the 
ai, and to generalize to arbitrary base curves, recall that, for a rank n bundle 
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on a curve B, the slope n(V) of V is the rational number deg(V)/n, and the 
bundle V is semistable if, for all subbundles W of V with < rank(W / ) < n, 
n(V) > n(W). We then prove the following theorem: 

Theorem 0.2. Let f : Y — > B, D, n, and d be as above. Suppose that the 
characteristic ofk does not divide n. Let W be a subbundle of R 1 f*Oy(—D) 
of rank r, < r < n, and let e = gcd(r + 1, n). Then 

,(R>f,O r (-D)) - „(«0 > - ( r(n-rH(e-l) \ ± 

\ Znr J 

Essentially trivial manipulations give a corresponding result for quotient 
bundles: 

Corollary 0.3. With the above notation and hypotheses, suppose that Q 
is a quotient bundle of R 1 f*Oy(—D) of rank r, < r < n, and let e = 
gcd(n — r + 1, n). Then 

^UOy{-D)) - n(Q) < ( r(n "^ + r (e " 1) ) d. 

Remark 0.4. (i) There are slightly sharper bounds in case B ^ P 1 . Using 
these, and considering the appropriate rank one subbundle and quotient 
bundle of R 1 f^Oy(-D), one can check that Theorem 10.21 and Corollary 10.31 
essentially imply the bounds of Theorem lO.il 

(ii) One can drop the hypothesis that the characteristic of k does not divide 
n, but the bounds are not as strong in this case. 

Theorem 10.21 or the equivalent Corollary 10.31 sav that, while the rank n 
bundle R 1 f*Oy(—D) may not be semistable, its failure to be semistable can 
be controlled in a fairly precise way. 

Very roughly speaking, the idea behind the proofs of Theorem 10.11 and 
Theorem 10.21 is as follows. Let V be a vector bundle of rank r on a smooth 
surface S. Define A(V) = 2rc2(V) — (r — l)ci(V) 2 . Then in characteristic 
zero, Bogomolov's inequality says that, if V is semistable, then A(U) > 0. 
Of course, as is well known, this inequality fails in positive characteristic. 
However, vector bundles on elliptic surfaces, and more generally genus one 
fibrations, which have stable restriction to the generic fiber typically satisfy 
much stronger forms of Bogomolov's inequality, with only very mild restric- 
tions on the characteristic (see |11| [10] for early examples of this in case V 
has rank 2). The link between the case where V is semistable and the case 
where the restriction of V to the generic fiber is stable is as follows: For a 
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genus one fibration / : Y — > B and a vector bundle V on Y, the semistabil- 
ity of V with respect to an ample divisor numerically equivalent to one of 
the form Hq + tF, where F is the numerically equivalence class of a general 
fiber and t 3> 0, is closely related to the semistability of the restriction of V 
to the (geometric) generic fiber of /, which is an elliptic curve defined over 
the algebraic closure of the function field of B |10l lllj . For example, let 
K = Speck(B), where k(B) is the function field of B, and suppose that the 
restriction Vg of V to the generic fiber Yk of /, which is a curve of genus 
one defined over the non-algebraically closed field K, is stable. Then it is 
easy to see that V is semistable with respect to some ample divisor of the 
form given above. 

We then prove the following inequality: 

Theorem 0.5. Let f : Y — > B be a genus one fibration over the algebraically 
closed field k with xO^i ®y) = d, and let V be a vector bundle of rank r 
whose restriction to the generic fiber of f is stable. Let n be the degree of 
the restriction ofV to the generic fiber of f, and let e = gcd(n, r). Suppose 
that the characteristic of k does not divide r. Then 

A(V) > (r 2 - e)d. 

(There is also a weaker inequality than that of Theorem 10.51 which holds 
with no assumption on the characteristic of k.) 

Given Theorem 10.51 the proof of Theorem 10.11 and Theorem 10.21 becomes 
a matter of constructing the appropriate vector bundles V. There are many 
approaches to doing so. For example, Theorem 10.21 follows by considering 
certain "universal extensions." Other methods for constructing bundles lead 
to results on the vanishing of H 1 (Y; Oy{D)) or base point free and embed- 
ding theorems for the linear system \D\ on Y, following methods of Mumford 
[20] and Reider [22]. 

While Theorem 10.11 and Theorem 10.21 are valid for all principal homoge- 
neous spaces, one can ask the following question: Fixing a generic elliptic 
surface / ': X — > B, what can one say about the vector bundles R 1 f*Oy{—D) 
for all pairs (Y, D), where D is an n-section. In the case B = P , and k = C, 
a degeneration argument shows: 

Theorem 0.6. Let X be a generic elliptic surface overP 1 . Then every pair 
(Y, D) such that X is the Jacobian surface of Y is rigid. 

It is very likely that the methods of proof can be extended to handle the 
case of positive characteristic as well. 
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The contents of this paper are as follows: In Section 1, we establish the 
Bogomolov type inequality of Theorem 10.51 In Section 2, we construct vec- 
tor bundles for which we can apply this inequality and prove Theorem 10.21 
In Section 3, we construct examples for small values of n and show that our 
bounds are sharp. Section 4 studies the group of components of the coarse 
moduli space of genus one fibrations over P . Although we have stated 
the result in terms of coarse moduli spaces, it could also be formulated via 
stacks. Unfortunately, in the determination of the monodromy, we eventu- 
ally have to assume that k = C However, we expect that similar results 
hold in the case of positive characteristic as well. Somewhat inconsistently 
we have devoted a fair amount of space to a proof in all characteristics of 
a (generalization of) a result of Artin and Swinnerton-Dyer; the proof is 
straightforward over C. Finally, in Section 5, we prove Theorem 10.61 via a 
degeneration argument, induction, and a result concerning rational elliptic 
surfaces. 

Conventions: All schemes are separated and of finite type over k, an al- 
gebraically closed field. If X is a scheme and T is a sheaf on A, we shall 
use H l (X;J r ) to denote the usual sheaf cohomology in case T is coherent, 
etale cohomology in case J 7 is a sheaf of the form /x ra or one of its variants, 
or the Betti cohomology of A(C) in case X is defined over C and T = Z. 
The meaning should be clear from the context. 

A genus one Bbration f : Y — > B without multiple fibers, or more briefly 
a genus one Bbration, is a smooth projective surface Y, together with a 
morphism / to a smooth projective curve B, such that no exceptional curve 
of Y is contained in a fiber of / (Y is relatively minimal), every fiber of / 
has trivial dualizing sheaf (hence is of arithmetic genus one), and / has no 
multiple fibers (if U denotes the Zariski open subset of Y where / is smooth, 
then f(U) = B). 

Let / : Y — > B be a genus one fibration. The order of Y is the smallest 
positive integer n such that there exists an element D in Pic Y with D-F = n, 
where F is the class of a general fiber of /. 

A elliptic surface ir : X — > B is a genus one fibration endowed with a 
section o : B — > X. 

1 A Chern class inequality 

Definition 1.1. Let V be a vector bundle of rank r on a smooth projective 
surfaces'. Define A (V) = 2rc2(V) — (r — l)ci(V) 2 . By the splitting principle, 
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A(V) = c 2 (EndV). 

According to Bogomolov's inequality, if k has characteristic zero and V 
is semistable, then A(V) > 0. To deal with the analogue of this inequality in 
positive characteristic, recall that, if Ek is a curve defined over a (not neces- 
sarily algebraically closed) field K, and Vk is a locally free sheaf on Ek, then 
Vk is stable (resp. semis£able)if, for every subsheaf Wk of Vk (hence defined 
over K), we have h(Wk) < /J-(Vk) (resp. h{Wk) < h(Vk)), where by defi- 
nition the slope h(Wk) of a locally free sheaf on Ek is deg(W r ft-)/ rank Wk- 
Standard arguments show: 

1. If Vk is stable and ip G End Vk, then either ip = or ip is an isomor- 
phism, and hence that End Vk is a division algebra of finite dimension 
over K. 

2. If Vk is stable and K is the algebraic closure of K, then the pullback 
V K of Vk to -Eft: xspccA" K is semistable. 

The following theorem is then the first main result of this paper: 

Theorem 1.2. Lei f : Y ^ B be a genus one fibration with x(^;Cy) = d, 
and let V be a vector bundle of rank r whose restriction to the generic fiber 
of f is stable. Let n be the degree of the restriction of V to the generic fiber 
of f, and let e = gcd(n, r). Suppose that the characteristic of k does not 
divide e. Then 

A(V) > (r 2 - e)d. 

If moreover B = P 1 , then 

A(V) > (r 2 - e )d + 2(e- 1). 
Proof. We begin with the following: 

Proposition 1.3. Wii/i notation as above, the sheaf f* End V is a locally 
free sheaf of commutative Os-algebras of rank e. 

Proof. Since f*EndV is a torsion free 0#-module, it is locally free. Let 
K = k(B) be the function field of B, and let Yk = Y Xb Specif. Then 
Yk is a genus one curve over Specif. Let Vk be the corresponding vector 
bundle. It suffices to prove that the restriction of f*EndV to Specif is 
a commutative i^-algebra of dimension e. Clearly, this restriction is just 
End Vk- By hypothesis, Vk is stable and hence B = End Vk is a division 
algebra of finite dimension over K. Let F be the center of B. Then F is a 
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finite extension of K and thus is a finitely generated field of transcendence 
degree one over the algebraically closed field k. By Tsen's theorem, the 
Brauer group of F is trivial. Thus the element of the Brauer group of F 
defined by B is trivial, so that IS) = F. In particular, B is commutative. 

Let K be the algebraic closure of K. To see that the rank of B is e, it 
suffices to prove the corresponding statement for End V K , where V K is the 
pullback of Vk to the elliptic curve Y K = Y# XspecK SpecK. The bundle 
V K is semistable, and we have the following well-known lemma: 

Lemma 1.4. Let E be an elliptic curve defined over an algebraically closed 
field K, and let be a semistable vector bundle on E of rank r and degree 
n. Let e = gcd(n,r). Then dim^End V K > e, and dim^- End V K = e if 
and only if End V K is commutative. 

Proof. Let no = n/e and tq = r/e. We recall some consequences of Atiyah's 
classification of vector bundles V K over an elliptic curve E = Eg defined 
over an algebraically closed field ([3], Theorem 7 and its corollary): Suppose 
that no and ro are two relatively prime positive integers and that A is a line 
bundle on E of degree no- Then 

1. There is a unique stable bundle V no ro i-\ on E of rank ro and degree 
no such that det V^^ i-x = A. 

2. For every positive integer d, there is a unique indecomposable vec- 
tor bundle V n0i r 0) d;X on E of rank dro and degree dno, all of whose 
successive Jordan-Holder quotients are isomorphic to ^ 0) r ,i;A- 



4. If Vk is a semistable vector bundle of rank r and degree n, with e = 
gcd(n,r) and n/e = no, r/e = ro, then 



where V(A) is the uniquely defined summand of V K which is the (not 
necessarily direct) sum of all indecomposable summands of V K of the 
form V no> r ,d-x and hence V(X) = 0^ Ko,ro,rf i; A- 



3. 



Ho m (Kio,ro,iii;iii Vno,ro,d2;\2) 




0, if Ai + A 2 ; 

K[t}/(t k ),k = mm{d 1 ,d 2 ), ifAi = A 2 . 



A 



7 



With Vg = A V(X) as above, clearly 

End* ^0 End* V(A). 

A 

If V(X) = 0j K ,r ,^;A, with rankV(X) = J2idir = d x r , then r = er = 
(%2\d\)ro, and hence e = ^a^a- Direct computation then shows that 
End^- V(A) is commutative if and only if V(A) = V no ,r ,d;\ is indecompos- 
able, and also that dimEnd^ V(X) > d\ = Yli^i, with equality holding if 
and only if V(A) = V n0jr0! d-\ is indecomposable. Combining the two state- 
ments gives the proof of the lemma. □ 

To complete the proof of the proposition, since End Vg = End Vk ®k K 
is commutative, it follows from Lemma 11.41 that dim^- End Vg = e, and 
hence dim^ End Vk = e as well. Thus f*EndV is a locally free sheaf of 
commutative 0B-algebras of rank e. □ 

Let C = Spec f*EndV be the scheme over B associated to the coher- 
ent sheaf of commutative 0#-algebras f*EndV. Thus there is a finite flat 
morphism g: C — > B of degree e. The scheme C is sometimes called the 
spectral cover of B associated to the bundle V. Since the restriction of 
f*End V to Spec K is a field, C is an integral scheme of dimension one, and 
g*Oc = f*EndV. Let 7 = deg f*EndV = degg*Oc- 

Lemma 1.5. Suppose that B is a smooth projective curve and that g: C — > 
B is a finite flat separable morphism of degree e, for example suppose that 
the characteristic of k does not divide e. Set 7 = deg g*Gc- Then 7 < 0. // 
in addition B = P , then 7 < — (e — 1). 

Proof. Let v: C — > C be the normalization. By applying g* to the exact 
sequence 

-> O c -> v*Q 5 ^Q->0, 

where Q is some torsion sheaf, we see that deg g*Oc < deg (g o v)*Oq, and 
hence it suffices to prove the result when C = C is smooth. In this case, a 
well known formula says that 2 deg g*Oc = —b, where b > is the degree 
of the ramification divisor on the base curve B. Thus 7 = — 6/2<0. If in 
addition g(B) = 0, then the Riemann-Hurwitz formula says that 2g(C) — 2 = 
e(2g(B)-2)+b = -2e+b. Hence 7 = -6/2 = -(e+g(C)-l) < -(e-1). □ 

We now proceed to calculate the Euler characteristic xi^'^ndV) in 
two different ways. Since EndV is a vector bundle of rank r 2 on Y with 
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ci(EndV) = and C2{EndV) = A(V), the Riemann-Roch theorem for 
vector bundles and the fact that x(X'i ®y) = d i m Pby that 

X(Y- EndV) = -A(V) + r 2 d. 

On the other hand, by the Leray spectral sequence, 

X (Y; End V) = X (B; f*End V) - X (B; R 1 f*End V) . 

Applying Riemann-Roch to the rank e vector bundle f*EndV = g*Oc on 
B gives x(B; f*EndV) = 7 + e(l — g), where g = g(B). Applying relative 
duality to the morphism /: Y — > 5, which is a local complete intersection 
morphism of relative dimension one, gives 

{R l UEndVY ^ f*((EndV) v ®uj y /b)- 

Since / : Y — > B is a genus one fibration with no multiple fibers, coy/B = f*^, 
where a; is a line bundle on B of degree d, and (EndV) v = EndV. Thus: 

{R 1 f^EndVY ^ (f*EndV) ®uj. 

This says that (R 1 f*EndV) vv [(f*EndV) v <g) w -1 ], and hence that 

R l f*End V T © [{f*EndV) v ® u~\ 

where T is a torsion line bundle on B. Now f*(EndV) is a vector bundle 
on V of rank e and degree 7. Thus (f*EndV) v is a vector bundle on V of 
rank e and degree —7, and (f^EndV) has rank e and degree —7 — ed. 

Hence 

X (B; R X UEndV) = l(T) + (-7 - ed) + e(l - g). 
Thus, if t = £(T), 

X (Y; End V) = X (B; f*End V) - X (B; R 1 f*End V) 

= 7 + e(l - g) - (t + (-7 - ed) + e(l - <?)) 
= 27 - f + ed < 27 + ed. 

Thus — A(V) + r 2 d < 27 + ed, and after rearranging this gives 

A(V) > r 2 d - ed - 2 7 > (r 2 - e)d. 

Moreover, if B ^ P 1 , then 

A(V) > r 2 d - ed - 2 7 > (r 2 - e)d + 2(e - 1). 

This concludes the proof of Theorem 11.21 □ 
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Remark 1.6. Let g: C — > B be the spectral cover of B corresponding to 
V. Clearly V is a module over /* f^EndV = f*g*O c . lfh:Yx B C^C 
and y: 7 XbC^ 7 are the natural morphisms, then by flat base change 
f*g*Oc = v*h*Oc = v^OyxbC- Thus V corresponds to a sheaf L over 
Y C, and it is easy to check that L is a torsion free sheaf on Y x # C of 
rank r/e with v*L = V . 

2 Construction of bundles 

As before, let f:Y — ► B be a relatively minimal elliptic fibration with 
generic fiber F, let n be the order of Y, i.e. the smallest positive integer 
such that there exists a divisor on Y whose intersection number with F is 
n, and let D be a divisor on K such that D ■ F = n. In case not all fibers of 
/ are irreducible, we shall make the following assumption on the divisor D: 

Assumption: If C is a component of a fiber of /, then D ■ C > 0, i.e. D is 
/-nef. 

For example, this assumption is always satisfied if D is effective and 
irreducible. If t is a divisor on B of degree t > 0, then D + f*£ is effective 
by Riemann-Roch, and thus linearly equivalent to D' + ^jCi> where -D' 
is effective and irreducible by our assumptions on n. Hence, for arbitrary 
D, there always exists a D' whose restriction to the generic fiber is linearly 
equivalent to D and which is /-nef. 

A related property of D is the following: 

Definition 2.1. The divisor D with D ■ F = n is minimal if D is effective 
and, for every component C of a fiber of /, D — C is not effective. 

Clearly, if L> is minimal, then every curve in \D\ is reduced irreducible, 
and hence D is /-nef. Given an effective divisor D with D-F = n, it is easy to 
see that there exists a minimal divisor Dq such that D is linearly equivalent 
to Dq + J2i n iCi, where the are components of fibers and ni > 0: Let H 
be a fixed ample divisor. If D is not minimal, then there exists a component 
C\ of a fiber such that D\ = D — C\ is effective. If Di is minimal, we 
are done, otherwise we can repeat this process. As < H ■ D\ < H ■ D, 
we cannot continue indefinitely, so we eventually produce a minimal divisor 
D n = Dq = D — n<iCi as desired. 

An elementary calculation (for example, using Ramanujam's lemma as 
in the proof of Proposition 14. 6p shows that, if Fq is a fiber of / and A is 
a line bundle on Fq of degree — n such that, for every component C of Fq, 
deg(A|C) < 0, then H°(F ; A) = and hence dimiT 1 ^; A) = n. Thus: 
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Lemma 2.2. If D is f-nef, then R 1 f*0 Y (—D) is locally free of rank n. □ 

Under our assumption that D is /-nef, an easy application of relative du- 
ality shows that the rank n bundle f*0 Y (D) on B is related to R l f*0 Y (-D) 
as follows: 

R l UO Y (-D) [UO Y {D)Y ®uj~\ 

where as before u> is the line bundle on B such that f*u> = lo y / b , an d hence 
degto = x{Y;O y ) = d. 

Lemma 2.3. Let 5 = deg R x f*0 Y (-D). Then 

D 2 = -25-(n + 2)d. 

Thus, the slope n = ^{R 1 f*0 Y {-D)) of R 1 f*(D Y (-D) is 

8 D 2 (n + 2)d 
^ n 2n 2n 

Proof. By Riemann-Roch, X (Y; O y {-D)) = ±(L> 2 + D ■ K Y ) + X (Y; O y ) = 
\(D 2 + n(d + 2g- 2)) + d. On the other hand, 

X (Y;0 Y (-D)) = x(B;R f,O Y (-D))-x(B;R 1 f,O Y (-D)) = -(S+n(l-g)), 
using Riemann-Roch on B for the vector bundle R 1 f*(D Y {—D). Thus 

D 2 + (n + 2)d = -25, 
proving the first statement of the lemma, and the second is then clear. □ 

2.1 Universal extensions 

Let W be a subbundle of R l f*(D Y {— D) of rank r and degree 5w- Thus W 
has slope jiiW) = S w /r. We calculate the Ext group Ext^/W, O y (—D)): 

Ext\f*W, O y (-D)) = H\Y; f*W v <g> O y (-D)) 
= H°(B; W v R l f*0 Y {-D)) = Hom(lf, R l f*0 Y {-D)). 

Thus, the inclusion W — > R 1 f*0 Y {—D) defines an extension V, given 

by 

-► O y {-D) -» V ->■ /*W -► 0, 

with the property that the induced coboundary homomorphism f*f*W = 
W — > R 1 f*0 Y {—D) is the given inclusion. One easily calculates the Chern 
classes of V: 



11 



Lemma 2.4. With V as above, the rank ofV is r + 1 and the degree of the 
restriction ofV to the generic fiber of f is —n. Moreover, 



c 1 (V) = -D + 5 w -F; 
C2(V) = —nSw- 



Hence 



A(V) = 2(r + l)(-nS w ) - r{D 2 - 2n5 w ) = -2n5 w - rD 2 
= -2n5 w + 2r5 + r(n + 2)d. □ 



Lemma 2.5. The restriction Vk ofV to the generic fiber Yk of f is stable. 
Proof. There is an exact sequence 



and the induced homomorphism H (Yk;O Yk ) — > iT^Y^; Oy K (— D)) is in- 
jective. The slope of Vk is —n/(r + 1). Let S be a subbundle of Vk, with 
< rank S < r + 1. For the purposes of checking the stability of Vk, we may 
assume that S is semistable. If deg S > 0, then the induced homomorphism 
S — > is not zero. Thus the image of S in Oy K has degree > 0, hence has 
degree and is a summand of Oy K . Thus H°(Yk; S) is a nonzero summand 
of H°(Yk; @y k ) which maps to zero in H 1 (Yk; Oy K {—D)). This contradicts 
the injectivity of the homomorphism H (Yk',O Yk ) — ► H 1 (Yk',Oy k {—D)). 
Thus, degS < 0. It follows that degS" = — kn for some positive integer k, 
and hence S has slope —kn/t, where < t < r + 1. In this case, the slope 
of S is clearly < — n/(r + 1). Thus Vr- is stable. □ 

Theorem 2.6. Wzi/t assumptions as above, suppose that the characteristic 
of k does not divide n. Let W be a subbundle of R 1 f^Oyi—D) of rank r, 
< r < n, and let e = gcd(r + l,n). Set fx = ii{R l f*0 Y (-D)). Then 



o - o Yk (-d) ^v k ^ o Yk - 0, 



A* - KW) > 



r(n — r) + (e — 1) 



2nr 



) 



d. 



If moreover B = F , then 



ii - KW) > - 



r(n — r) + (e — 1) 



) 



d + 



(e-1) 



2nr 



nr 
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Proof. Lemma 12.51 and the hypothesis that char k does not divide n imply 
that the assumptions of Theorem 11,21 hold. Thus A(V) > ((r + l) 2 — e)d. 
By Lemma 12.41 we have 

-2n8 w + 2r5 + r(n + 2)d > ((r + l) 2 - e)d. 

Rearranging gives 



2r5 - 2n5 w > {r 2 + 2r + 1 - e - rn - 2r)d = (r(r - n) + (1 - e))d. 

Dividing by 2nr gives the inequality. The last statement follows from the 
conclusions of Theorem 11.21 in case 

Corollary 2.7. With assumptions as above, suppose that the characteristic 
of k does not divide n. Let Q be a quotient bundle of i? 1 /*Oy (— D) of rank 
r, < r < n, and let e = gcd(n — r + 1, n). Set fi = fi^R 1 /*Oy(— D)). Then 

(n\ s f r(n - r) + (e - 1)\ 

If moreover B = P , then 



2nr ) nr 

Proof. Let W be the kernel of the surjection B} f*Oy (— D) — > Q, so that W 
has rank n — r. Then 

(n — r)fj,(W) + rfi(Q) = nfi = {n — r)fi + rfj,. 

Thus 



By Theorem ESI 

f n — r\ ( r(n — r) + (e — 1) 

MQ) - M > - 



2n(n — r) 
r(n — r) + (e — 1) \ 
2nr / 

Reversing the signs gives the first conclusion of the corollary, and the second 
is similar. □ 
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In case B = P 1 , we can make the above inequalities more concrete as 
follows: 

Corollary 2.8. Suppose that B = P 1 and that the characteristic of k does 
not divide n. Let 



R l UO Y {-D) = Y J 0^(a i ) 



i=i 



with a\ < ct2 < • • • < a n and let e = gcd(r + 1, n). Then: 

' r{n — r) + (e — 1) \ (e — 1) 



r ^-^ n ^— ' \ 2nr I nr 

i=n— r+1 i=l 

_ (n-r)d | ( e -l)(d- 2 ) ^ Q 



2n 2nr 

Remark 2.9. In the extreme cases of rank one sub- or quotient bundles, 
these inequalities read: 



I n — 1 

2 
nd 

T 



d, if n is odd; 



— 1, if n is even. 



< na n — a i — * 
i=i 

Moreover, 

n 

0<^aj-nai < (n-l)(d-l). 

i=i 

Adding the two inequalities together gives a bound for a ra — «i on the order 
of 3d/ 2. 

2.2 Extensions via linear series 

Lemma 2.10. (i) Suppose that h 1 (Oy(D)) / 0. Then there is a non- 
split extension 

-> Oy -> V -» 0y(£> - Ky) -» 0. 

Moreover c\{V) = D — Ky and C2(V) = 0. 

(ii) Suppose that x is a base point of the linear system \D\. Then there 
exists a rank two vector bundle V and an exact sequence 

-> Oy -> V -> Oy (£> - Ky) (g) IU, -» 0. 

In particular c\{V) = D — Ky and C2(V) = 1. 
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Proof, (i) Obvious since h}{-{D - K Y )) = h l (-D + K Y ) = h^D). 
(ii) The exact sequence 

Ext^Oy (£> - K Y ) ® m x , O y ) ^ #° OEtft 1 (Oy (D - K Y ) ® m x , Oy)) -» 
-> # 2 (Y"; Oy (-D + ify)) -» Ext 2 (Oy (£> - K Y ) ® m*, Oy) 

is Serre dual to 

Oy(-D) ® m,) -h. #°(Y; O y {D)) ^ H°(k x ) -> ^(F; Oy(£>) m x ). 

Thus a locally free extension 1/ exists <J=^ a is nonzero <4=> a is surjective 
/? = -4=^ x is a base point of \D\. □ 

Lemma 2.11. (i) Wif/j as in (?) o/ Lemma \2.1CK if T is a divisor 
class on Y and there exists a nonzero homomorphism Oy(T) — > V, 
i/ien degp T < 0. In particular, the restriction of V to the generic 
fiber Yk is stable. 

(ii) With x and V as in (ii) of Lemma \2.1(K if T is a divisor class on Y and 
there exists a nonzero homomorphism O y {T) — > V, then deg F T < 0. 
In particular, the restriction of V to the generic fiber Yk is stable. 

Proof. We shall just prove (ii), as the proof of (i) is simpler. Given Oy(T) — > 
V, we may assume that the cokernel V/O y (T) is torsion free. If the image 
of O y (T) is contained in the subsheaf O y , then T = —E for some effective 
divisor E. In this case deg^T = — &eg F E < 0. Otherwise the induced 
homomorphism O y {T) — > O y (D — K Y ) <g> is nonzero. Thus T = D — 
K Y — E for some effective divisor E with x £ Supp-E. If deg^T > 0, then 
since deg^T = deg F D — deg F E < n, and the minimality of n, we must 
have deg F E = 0, and, since E is effective, E = ^ Cj is a sum of irreducible 
curves Cj contained in fibers of /. On the other hand, since V/O y (T) is 
torsion free, there is an exact sequence 

-> Oy(T) -> V -» Oy(£> - ify - T) ® I z 0, 

where Z is & zero-dimensional subscheme of Y\ Plugging in T = D — K Y — E, 
we see that there is an exact sequence 

-» Oy(£> - K Y - E) -»■ V -> Oy(£) ® J z -» 0. 

Hence C2(V^) = (D — K Y — E) ■ E + ^(Z). Since E is supported in the fibers 
of /, E ■ K Y = 0, E 2 < and E 2 = -4=^ E is numerically equivalent 
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to a multiple mF for some positive integer m. First suppose that E 2 < 0. 
Then E 2 < —2 since E ■ Ky = 0. By our assumption, D ■ E > 0, and 
K Y ■ E = 0, so that c 2 (V) > -E 2 > 2, which contradicts c 2 {V) = 1. So E is 
numerically equivalent to mF. In this case c%(y) = (D—Ky — E)-E+£(Z) = 
m{D ■ E) + £(Z) > mn > 2, which again contradicts c 2 (V) = 1. Hence 
deg F T < 0. □ 

Remark 2.12. One can generalize the above as follows. Let Z be a zero- 
dimensional subscheme local complete intersection of Y; for simplicity as- 
sume that Z = {pi, . . . consists of k distinct points. Then a locally free 
extension of the form 

-> Oy -» V -> Oy(L> - Ify) I z -» 

exists <^=^ Z has the Cayley-Bacharach property with respect to Oy{D): 
every section of Oy (D) which vanishes at all but one of the points pi vanishes 
at all of the points. 

Assume that a locally free extension V exists, and further assume for 
simplicity that all fibers of / are irreducible. Let m = • • • , f(j>k)}- 

Hence, if F\ , . . . , F r are distinct fibers of / and if Z C F\ + ■ ■ ■ + F r , then 
r > m. Arguments as above show that, if mn > k + 1, then every locally 
free V as above restricts to a stable bundle on the generic fiber. 

Corollary 2.13. Suppose that n = deg F D is odd. 

(i) Ifh x (D) ^ 0, then 

D 2 < 2n(d + 2g - 2) - 3d = (2n - 3)d + 4n(g - 1). 

(ii) If x is a base point of the linear system \D\, then 

D 2 < 2n(d + 2g - 2) - 3d + 4 = (2n - 3)d + 4n(g - 1) + 4. 

Proof. Again, we shall just prove (ii). If such an x exists, then we have 
constructed a rank two bundle V with c\(V) = D — Ky and C2(V) = 1 such 
that the restriction of V to the generic fiber is semistable. The hypotheses 
of Theorem 11.21 apply, with e = 1. Thus 

4c 2 (V) - ci{V) 2 = A-D 2 + 2n{d + 2g-2)> 3d, 

which yields the inequality 

D 2 < 2n(d + 2g - 2) - 3d + 4 = (2n - 3)d + An{g - 1) + 4. 

□ 
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Similar arguments show: 
Corollary 2.14. Suppose that n = deg F D is even and that char/c 7^ 2. 

(i) Ifh l (D) + 0, then 

D 2 < (2n-2)d + 4n(0-l). 
If moreover B = P 1 , i/ien 

F> 2 < (2n - 2)d -An -2. 

(ii) 7/x is a base point of the linear system \D\, then 

D 2 < (2n - 2)d + 4n(g - 1) + 4. 
If moreover B = P 1 , then 

D 2 < (2n — 2)d - 4n + 2. □ 

3 Examples 

Let /: Y — > i? be a genus one fibration and let Z) be an /-nef divisor on 
Y of relative degree n > 1. Consider the P n ~ 1 -bundle P = P(/*Oy (D) v ) = 
P(R 1 f^Oy(—D)) over B (here our conventions are opposite to those of EGA 
or Hartshorne). Note that replacing D by D + tF leaves the projective space 
bundle P unchanged. Denote by (f>: P — > B the projection and let P C P 
be the divisor class of a fiber. Let Y be the normal surface obtained by 
contracting all of the curves which are orthogonal to D. There is a morphism 
g (of schemes over B) from Y to P. For n > 3, g induces an embedding g of 
Y. For n = 2, the corresponding morphism g: Y — > P is a double cover. By 
construction, </*Op(l) = Oy(D), and hence ^*[Pp(1)®^*A] = Y {D)®f*X. 

Lemma 3.1. For a// line bundles X on B and all i > 0, g* induces an 
isomorphism 

fT(P; Op(1) (8) </>*A) ^ £T(y ; O y {D) ® /*A). 

Proof. First assume that Y = Y and hence D|F? is ample for every fiber F 1 
of /. First suppose that n > 3, so that 5 is an embedding. There is an exact 
sequence 

-> Op(l) (8) 7y -> Op(l) -> Oy{D) -> 0, 
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so it suffices to show that iF(P; Op(l) ®Iy®^*A) = for all i. Via Leray, 
it suffices to show that R l (fi*(Op(l) ® iy) = for all i Since Op(l) <8> iy 
is flat over B, it suffices by base change to show that, for every fiber P of 
(j), iP(P; O p (1) <g> iy <g) Op) = 0. It is easy to check that, if £ = P n F is 
the corresponding fiber of /, then Op(l) <8> iy ® Op = Opn-i (1) &> i#. Then 
there is the corresponding exact sequence 

-» Opn-l(l) ® Jb -> Opn-l(l) -> Ofip) -» 0. 

For i > 0, JT i (P n - 1 ;C?p n -i(l)) = IP(E]Oe(D)) = 0, and for i = the 
restriction homomorphism ii°(P n_1 ; C> P n-i (1)) -> H (E;O E (D)) is an iso- 
morphism. It follows that ii i (P n ~ 1 ;C P n-i(l) <g> I E ) = for every i. Thus 
i?*0*Op(l) <8> iy = for all i and we are done in the case n > 3. 

For n = 2, y is a double cover of P branched along a section of Op (4) <8> 
0*^®2 £ Qr gome ^ ne b unc ll e ^ on _g_ Let L = Op(2) ® 0*^. Then 

g*0 Y {D) = Op(1) [Op(1) ® ZT 1 ]. 

So it is enough to show that iP(P; O p (1) <g> L" 1 ® <p*X) = for all i. Since 
Op(l) <g> L _1 restricts to O p i(-1) on every fiber of (j), i?V*Op(l) ® L" 1 = 
for all z and thus JEP(P; O p (1) <g> L -1 <g> 0*A) = as well. 

Finally, in case Y ^ Y, let p: F -> 7 be the natural morphism. Then /? 
is a resolution of singularities. Note that Y has rational singularities and D 
induces a relatively ample Cartier divisor D on Y with /?*i) = D. The above 
arguments show that iF(P;0 P (l) (g> c/>*A) ^ £P(Y; O y (D) ® /*A), where 
/ : F — > i? is the induced morphism. Again using the fact that Y has rational 
singularities, R p*(O Y (D)®f*\) = Y {D)®f*X and iT p*(Oy (D) ® /* A) = 

for i > 0, so we are done via Leray again. □ 

For the rest of this section, we assume that B = P 1 and that f^Oy{D) = 
©ILi Cp^ - a «)) where «i < a.2 < • • • < a n . By convention, we choose the 
line bundle Op(l) such that </>*Op(l) = ©™ =1 Opi(— ccj). 

Lemma 3.2. in ffte above notation, ii 1 (P;Op(l) ® Op(tP)) / 
* < «n - 2. Fence, iT^F; Oy (£> + tF)) ^ t < a n - 2. 

Proof. Immediate from the Leray spectral sequence and Lemma 13. 11 □ 

Next let us describe linear systems on P = P(©" =1 Opi (aj)). For 1 < 

1 < n, the summand Opi(aj) gives a section Sj of Op(l) ® Op(a,P). In 
particular Si is a section of Op(l) ® Op(«iP). Of course, the summand is 
not unique except in the case i = 1 and a.?, > ot\. Suppose that a% = ct2 = 
■■■ = a h < Oij+i = a il+2 = ■ ■ ■ = a i2 < ■ ■ ■ < a ik+ \ = ■ ■ ■ = a n . Consider 
sections of the line bundle Op(l) ® Op(tP). By direct inspection, 
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Lemma 3.3. In the above notation, if ' cti j <t< ati j+1 , then the base locus of 
the complete linear system corresponding to the line bundle Op(l) ®Op(tP) 
is Si fl £2 l~l • • • n Ej . . In particular, this base locus is empty t > 

oti k +i = a n . □ 

Corollary 3.4. Suppose that n > 2. The complete linear system \D + tF\ 
has a nonempty base locus t < a n — 1 and, for the unique j such that 

a ij <t< a ij+1 , Y n Si n s 2 n • • • n E; 3 / 0. 

If n = 2, the complete linear system \D + tF\ has a nonempty base locus 
t<a 2 -l. □ 

We now look at examples for small values of n. 

The case n = 2: Let Y be a genus one fibration of order 2. For simplicity, 
we shall just look at the case Y = Y, i.e. D is /-ample. We can normalize 
D so that the rank two vector bundle f*Oy(D) is equal to O-pi © Opi(— a), 
for some a > 0, and hence P = F n . There is thus a degree two morphism 
g: Y — > F a . With this normalization, D = g*o~0i where Co is the negative 
section (or <Tq = if a = 0). Our bounds in the previous section all give the 
single inequality a < d — 1. If i? C F a is the branch divisor of /, then B = 
4ao + 2NP where P is the class of a fiber of the ruled surface. Since Y has no 
section B is smooth and irreducible with TV > 2a. But N = 2a is impossible 
since then B n ctq = and the inverse image of o"o on Y would consist of two 
sections. Thus N > 2a+ 1. Note that #*0y = ¥a © C>... (-2<r - NP). The 
canonical divisor K Y = g*{-2a - (a + 2)P + 2a + NP) =g*{N -a- 2)P. 
Thus d = N — a. If iV = 2a + e, then d = a + e with e > 1; thus we see 
directly that a < d - 1. Finally, iJ^F; O y {D + tF)) / <^> i < a - 2 
and the linear system \D + tF\ has a base locus t < a — 1. 

We would now like to construct examples of genus one fibrations realizing 
all of the allowed numerical possibilities. 

Proposition 3.5. Let k be uncountable. Let oq be the negative section of 
F a and let P be the class of a fiber. Suppose that a > and e > 1 or that 
a = and e > 2. Then, if B a generic element of |4o"o + 2(2a + e)P\, the 
corresponding double cover Y of F a has no section. 

Proof. Let N = 2a + e. First note that, for all ./V > 2a, the linear system 
|4(7o + 2NP\ is base point free on F . We consider degenerations X of F a to 
F a UFo, glued along a fiber Pq, obtained by taking a trivial family F a x A 1 and 
blowing up a fiber of F a x {0} in the threefold F a x A 1 . For the fiber F a U F 
over 0, the line bundle L = TrlO ¥a (Aa + 2NP) FaXA i (-2F ) restricts 
on the copy of F a to C?F a (4<7o + 2(N — 1)P) and on the Fq component to 
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0F o (4cxo + 2P). Clearly L is divisible by 2 in Pic A*. If B is a smooth section 
of C, the double cover y of A* branched along fibers over A 1 . The general 
fiber is a genus one fibration Y — > P 1 with x(CV) = N — a = a + e and the 
fiber over is of the form Yq U R, where Yq — > P 1 is a genus one fibration 
with x(CVo) = N — a — 1 = a + e — 1, P is a rational elliptic surface, and 
Yo and i? meet transversally along a smooth fiber F}. If either a > 1 and 
e > 1 or a = and e > 2, %(CV ) > 1 and hence Piclo is discrete. If 
there is a divisor of fiber degree one on the general fiber (or equivalently 
a section), then, possibly after a base change, there is a Cartier divisor on 
Yq U R which restricts to a section of both Yq and R. If we have to make a 
base change of order k around 6 U, then the threefold y acquires a curve 
of Ak singularities and is resolved by a smooth threefold y with central fiber 
Yo U E\ U • • • U Ek U R, where the Fj are elliptic ruled, E; L n Fj + i is a section 
in Ei and in Fj+i, Fi (~l Y = Fo and E^ D R = Fq. The argument in the 
general case is then essentially reduced to the case 3^ = 3^ and we shall just 
write down this case. There would thus be a divisor do on Yo and ur on 
R, with do • F = (Tr ■ F = 1, and, for the common fiber Fq of Yq and R, 
Oy {&q)\Fq = Or{gr)\Fq. We shall show that, for generic choices, this is 
impossible. 

For a fixed genus one fibration Yq, the image of Piclo i n PicPo is a 
finitely generated abelian group T. On the other hand, fixing the elliptic 
curve Fo , it is easy to check the following: for every choice pi, . . . ,pg of 
points pi € Fq, there exists a rational elliptic surface R and an inclusion 
of Fo as a fiber of R, such that the image of Pic R in Pic Fo is generated 
by the line bundles Op (pi), together with the image of the line bundle h, 
which is a cube root of OF Q {^2iPi)- (Embed Fq in P 2 by a linear system 
h such that 3h = YliPi an d l e t R be the surface which is P 2 blown up at 
the images of the pi.) It is then a straightforward exercise to see that, as 
long as k is uncountable, for a fixed finitely generated subgroup T of Pic Fo 
and for generic choices of the p±, . . . ,p%, the intersection of the subgroup 
generated by the Of (Pi) and h with V is trivial. In particular the equality 
Oy {(Tq)\Fq = O r {cfr)\Fq is impossible. 

We must still show that we can find a sufficiently general rational elliptic 
surface as one component of the special fiber of a y — > A 1 as constructed 
above. View y as a double cover of X as above. Fix a smooth divisor Bq 
in the linear system |4o"o + 2(iV — 1)F| on F a which meets a given fiber /o 
transversally in 4 points; this is possible for all N > 2a + 1. Given a smooth 
divisor B 1 in |4o- + 2P[ on F such that BiDPq = B r)Po, the curve B \JBi 
corresponds to a section s of C\Xq. A straightforward argument shows that 
H 1 (Xq;£\Xq) = 0, and hence that there is a Zariski open neighborhood U 
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of £ A such that the section s of C\Xq extends to a section of C over 
U (which we may assume to be smooth). The corresponding double cover 
is the degeneration we seek, provided that we can choose the section B\ so 
that the rational elliptic surface R is sufficiently generic. 

To see that we can find a generic section Bi, it is sufficient to show that, 
if R is a generic rational elliptic surface containing a fiber isomorphic to Fq, 
then R is a double cover of Fo, necessarily branched along a smooth curve in 
|4o"o + 2P| (possibly after switching the order of the factors of Fo — P 1 x P 1 ). 
It is enough to consider the case where R is any rational elliptic surface with 
all fibers irreducible, or equivalently such that there does not exist a smooth 
rational curve on R with self-intersection —2. In this case, we claim that 
there is a section r of R such that r • ctr = 1. It is then easy to check that 
the linear system |ctr + r + F\ has dimension 3 and degree 4, and defines 
a morphism tp: R — > P 3 which is of degree 2 onto its image, which is a 
smooth quadric in P 3 . Thus tp realizes R as a double cover of Fo- To find r, 
use the fact that (as all fibers are irreducible) sections of R correspond to 
elements of {<jr, F}^ = —Eg C Pici?, and that the condition that a section 
r corresponding to a € — Eg satisfy <jr • r = 1 is a 2 = —4. Since there do 
exist vectors in — Eg of square —4, we can find R as desired. This completes 
the proof. □ 

The following corollary shows that Corollary 12.81 and Corollary 12.141 are 
sharp in the case of order 2: 

Corollary 3.6. Let d be an integer, d>2. 

(i) For all a, < a < d — 1, there exists a genus one fibration Y — ► P 1 of 
order 2 which is a double cover of¥ a . 

(ii) There exist a genus one fibration Y — > P 1 of order 2 and a divisor D 
on Y such that D ■ F = 2, h 1 (D) ^ and D 2 = 2d - 10. 

(iii) There exist a genus one fibration Y — > P 1 of order 2 and a divisor D 
on Y such that D ■ F = 2, \D\ has a base point and D 2 = 2d — 6. 

Proof. Given a, < a < d — 1, take Y to be a generic double cover of F a 
branched along a section of 4<ro + 2(2a + e)P, where e = d — a. Note that, 
if a = 0, then e > 2. The induced morphism f:Y — > P 1 realizes V as 
a genus one fibration (clearly without multiple fibers) with a divisor class 
D = g*o~o such that D ■ F = 2. By Proposition 13.51 Y has order 2, and 
the discussion before the proof of Proposition 13.51 shows that x(@y) = d. 
This proves (i). Similarly, with Y as in (i) and with D = g*o~o, consider 
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D + (a - 2)F = g*(a + (a - 2)P). Then ^(D + (a - 2)F) ^ and 
D 2 = -2a + 4(a - 2) = 2a - 8 = 2d - 10. This proves (ii), and (hi) follows 
similarly by considering D + (a — 1)P. □ 



The case n = 3: Let Y be a genus one hbration of order 3. Again, we shall 
just look at the case Y = Y, i.e. D is /-ample. We can normalize D so that 
the rank two vector bundle f*Oy(D) is equal to Opi Opi(-a) © Opi(— 6), 
where < a < 6. The bounds of Corollary 12.81 give 2b — a < d and a + b < 
2d -2. 

Let P = P(C P i © P i (a) © Opi (6)) with : P -» P 1 the projection. There 
is a surface CP with </>|Xi a P 1 -bundle whose fibers are linearly embedded 
in the fibers of 4> and such that ^Op(Si) = Opi © Opi (—a) © Opi (—6), and 
it is unique if a > 0. By our assumptions, 5: Y — > P embeds Y as a smooth 
surface in the linear system |3Si + NP\, and we may choose D so that 
D = as divisor classes. 

Lemma 3.7. In the above notation, d = N — (a + b). Hence N > 3b, and, 
ifa = b,N>3b+l. 

Proof. First, we have the following formula for the relative dualizing sheaf: 

wp/pi = 0p(-3Ei)®0Met(Opi©Ppi(-a)®Ppi(-&)) = P (-3Si-(a+b)P). 

Thus K F = O p (-3Si - (a + b + 2)P). By adjunction i^y = O y {(N - (a + 
b + 2))F and thus d = N - (a + b). 

To see the last statement, by Corollary 12.81 N = a + b + d > a + b + 
(26 - a) = 36. If a = 6, then a + 6 = 26 < 2d - 2, so that d > b + 1 and 
AT = a + 6 + c2>3& + l. □ 

Lemma 3.8. // D t = (Si + tP) \ Y = E x \ Y + tF, then: 

(i) F>\ = -2a-2b + d + 6t. 

(ii) H l {Y-0 Y {D t )) + ^ t<b-2. Hence H 1 (Y;O y {D)) ^0 ^ 

< d- 2a + 46- 12. 

(hi) If N > 3b + 1 and a < b, the linear system \Dt\ has a base locus for 
allt < 6-1. 

Proof. We begin with the following claim: 

Claim 3.9. W^t/i notation as above, Si = F^_ a and, z/ o"o denotes the 
negative section ofH%, then Osi(Si) = Osi(co — o/). 
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Proof of the claim. Applying 0* to the exact sequence 



- P - Op(Ei) -> C Sl (Si) -> 0, 

we get 

-» Opi -> P i Opi(-a) CV(-6) -> 0*e> Sl (Si) -» 0, 

so that <^*Oe 1 (5]i) = Opi(— a) © C P i(— 6) and Si = F;,_ a . If oq is the 
negative section of Si, then ^>*Osi(o"o) = Cp 1 © Opi(a — b). Since Oei(Si) 
has degree one on each fiber of Si, 

Os 1 (Si) = Os 1 (^o-«/)- □ 

Returning to the proof of Lemma 13.81 to see (i) it is enough to consider 
D = D . In this case D 2 = S r S r (3Si+iVP) = (a -af)-(3a + (N-3a)f), 
where this last intersection is computed on Si. Thus 

D 2 = 3(a — b) — 3a + N — 3a = -3a - 3b + N = -2a - 2b + d, 

establishing (i). Part (ii) then follows from Lemma 13.21 

Finally, to see (iii), note that, for t < b, the negative section oo of Si is 
contained in the base locus of |Si + tP\ since (Si + tP)\S\ = ctq + (t — a)f . 
Now 

Y ■ (To = (3<r + (N - 3a) f) ■ a = 3a - 3b + N - 3a = N - 3b. 

Thus, since A r >36 + l,yno"o^ : and hence the base locus of \D + tF\ 
contains the nonempty set YDo-q, by Lemma 13. 11 This completes the proof 
of (iii). □ 

Remark 3.10. In the situation of (iii) above, if N = 3b, then Y ■ ctq = 0. 
Thus either Y f~l o"o = or o"o C Y. If Y n oo = 0, as long as t > a, it is easy 
to check that \D + tF\ is base point free. If do C Y, then ctq is a section of 
Y and hence Y does not have order 2. 

As in the case n = 2, we now construct examples of Y of order 3: 

Proposition 3.11. (i) For N >2b — 1, the restriction homomorphism 

H°(F; 0p(3Si + NP)) -> fl°(Ei; Sl (3Si + NP)) 

is surjective. 
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(ii) Suppose that b > a. The base locus of |3£i + (36 — 1)P| is a®. For 
N = 3b — 1, there exist smooth surfaces Y in the linear system |3£i + 
(36— 1)P|. Every such Y contains ao, which is a section of the genus 
one fibration. 

(iii) For N > 36, the linear system |3£i + NP\ is base point free and hence 
contains smooth surfaces Y. If moreover b > a and k is uncountable, 
the generic surface Y in |3Ei + NP\ satisfies: every line bundle L on 

Y has deg F L = mod 3, where F is the divisor class P\Y. 

(iv) Suppose a = b and k is uncountable. Further suppose either that 6 > 
and N > 36 + 1 or that 6 = and N > 2. Then the generic surface 

Y in |3Si + NP\ satisfies: every line bundle L on Y has deg F L = 
mod 3. 

Proof. To prove (i), it suffices to show that H l (P; O p (2^ 1 +NP)) = 0. Now 
J?V*Op(2Si + NP) = and 

#ty*0p(2Ei + NP) = Sym 2 (0 P i Opi (-a) C P i (-6)) ® C P i (TV). 

The most negative term in the direct sum is P i(— 26 + TV). Thus 

JZ^P 1 ; i?V*Op(2Si + iVP)) = 

as long as TV > 26 — 1, and (i) follows from the Leray spectral sequence. 

Clearly 36 - 1 > 26 - 1. Note that |3Si + iVP| Sl = 3cr - 3af + Nf, 
which is base point free <^=^ N > 36. Thus, by (i), if N > 36, then 
|3Ei + NP\ is base point free and hence the generic Y G |3Si + NP\ is 
smooth. This proves the first sentence in (iii). For (ii), 3oo— 3a/+(36— 1)/ = 
ao + (2<7o + (36 — 3a — 1)/). This is of the form o"o+ base point free linear 
system, since 36 — 3a — 1 > 26 — 2a (because 6 — a > 1). To check that the 
generic Y is smooth one can make a local computation along the base locus; 
details omitted. 

To see the second statement of (iii), we must show that, for N > 36 and 
6 > a, the generic Y has no divisor whose fiber degree is positive and less 
than 3, or equivalently the genus one fibration on Y has no section. The 
proof will be via degenerations, beginning with the following construction: 
Let Yq G |3Si + (N — 1)P| be a smooth surface, guaranteed to exist by (ii) 
and the first part of (iii) for all TV > 36. Note that 

x (0 Yo ) = iV-l-a-6>36-l-a-6 = 6+(6-a)-l>6>0. 
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Thus Piclo is discrete. Choose a smooth fiber F on Y and let P 2 be the 
fiber of P corresponding to F. There is the normal crossings surface Yq U P 2 , 
whose double curve is F, a cubic in P 2 . Let Y be a smooth surface in 
|3Si + NP\. Then we can make a threefold Z corresponding to the total 
space of the pencil spanned by Y and Y U P 2 . The threefold Z is singular 
exactly at the intersection Y n F. If this intersection is transverse, then 
the singularities of Z will be nine threefold ordinary double points, since 

Y G |3Si + NP\ meets the P 2 in a plane cubic. As is well known, there is a 
small projective resolution Z of Z whose central fiber is Yq U R, where R is 
the rational elliptic surface obtained by blowing up P 2 along the nine points 

Y D F. We next show that, for N > 36, the nine points on F are arbitrary 
subject to the condition that they are cut out by a plane cubic: 

Claim 3.12. If N > 36, then the restriction map H°(¥; P (3£i + NP)) -» 
F (P 2 ;O p2 (3)) is surjective. 

Proof. We show that F^P; C P (3Si + (N - 1)F)) = 0. As usual, apply 
Leray. Clearly #V*0 P (3£i + (N - 1)F) = 0. Moreover, 

#ty*9p(3£i + {N- 1)F) = Sym 3 (C P i © O p i (-a) O p i (-6)) O p i (N — l). 

The most negative term that appears is C P i(— 36 + N — 1). To guarantee 
that iJ 1 (i? ^O P (3Si + (Ar-l)F)) = 0, it suffices to take -36+iV- 1 > -1, 
i.e. JV > 36. □ 

Returning to the proof of the lemma, we may assume that R is the 
blowup of P 2 at nine general points p±, . . . ,pq G F, subject to the condition 

that pi H \-pg G |Op2(3)|ir|. Equivalently, we can choose the eight points 

pi,...,ps arbitrarily and then the ninth is determined. 

Replacing the base P 1 of the pencil by a Zariski open subset A, we may 
assume that /: Z — > A is projective, with all fibers smooth except the fiber 
over 0, which is Y UR. If for all t the fiber has a section, then perhaps 

after a base change there is a line bundle C over Z such that has 
fiber degree one. The argument in case we need to make a base change is 
then essentially reduced to the case Z = Z (as in our discussion of the case 
n = 2) and we shall just write down this case. 

Consider C\(Yq U R). This corresponds to line bundles Lq on Yq and L\ 
on R whose restrictions to F agree. Let G be the finitely generated subgroup 
of PicF which is the image of the restriction map PicYo ~~ y PicF. Then 
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there is an equation in Div F of the form 

8 

q = ah + y~]nipj. 
i=l 

Here q G F corresponds to some element in G of degree one, h G |Op2(3)|i?|, 
and the rii G Z. Since h has degree 3 and q has degree one, the n$ are not all 
0. Equivalently, X^i=i n *^« ^ s a nonzero element lying in some fixed finitely 
generated subgroup of F. But since F is uncountable, it is clearly possible 
to choose the pi so that this does not happen. This is a contradiction. Hence 
the generic Y has no section. 

The proof of (iv) is similar. □ 

Remark 3.13. In the situation of (iv), with a = b and N = 3b, Y £ 
|3Si + 36Fj, Si = Fo, and Y ■ ¥q = 3<7o- Since every element in 1 3cr 1 is a 
sum of three elements in |o"o|, Y contains a section. 

We now show that Corollary 1 2 . 8 1 and Corollary 1 2 . 1 3 1 are sharp in the case 
of order 3. 

Corollary 3.14. Let d be an integer, d > 2. 

(i) Let a and b be two integers, < a < b, such that 2b — a < d and a + b < 
2d — 2. There exist a genus one fibration Y -> P 1 with x{Oy) = d 
of order 3 which is embedded in¥ = F(Opi © Opi(a) © Opi(6)) as a 
divisor of relative degree 3. 

(ii) There exist a genus one fibration Y — > P 1 with x(Ck) = d of order 3 
and a divisor D on Y with D ■ F = 3, h l (D) / and D 2 = 3d - 12. 

(hi) Suppose that d > 3. There exist a genus one fibration Y — > P 1 wit/i 
x(Oy) = d of order 3 and a divisor DonY with D ■ F = 3, such that 
\D\ has a base point, and D 2 = 3d — 8. 

Proof. To see (i), first suppose that a > b. In this case, since 2b— a = b+(b — 
a) < d, b < d — 1, and hence the inequality a + b <2d — 2 is a consequence 
of the inequality 2b - a < d. Set N = a + b + d > (a + b) + (26 - a) = 36. 
By (iii) of Proposition 13.11] there exists a smooth Y G |3£i + iVP| with no 
section and with x(@y) = d. The projection P — > P 1 realizes K as a genus 
one fibration (with no multiple fibers), and D = £i|Y satisfies D ■ F = 3. 
Thus y has order 3. 

In case a = 6, the inequalities 26 — a < d and a + 6 < 2d — 2 reduce to 
b<d-l. In this case set N = a + b + d > 26 + 6+1 = 36+1, and N = d > 2 
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if a = b = 0. The argument then concludes as in the case a < b but using 
(iv) of Proposition 13.111 

To see (ii), choose a < b such that d = 2b — a, which is possible as long 
as d > 2, Let Y be as in (i), and consider the divisor D = Y>i\Y + (6 — 
2)F = Db_2, in the notation of (ii) of Lemma 13.81 then h (D) ^ and 
D 2 = d + Ab — 2a — 12 = 3d — 12. Finally, to see (iii), choose a < b such that 
d = 2b - a + 1 and let Y be as in (i). Then N = a + b + d = 3b+l. By (iii) 
of Lemma 13.81 if D = £i|Y + (b — 1)F = jDj—i, the linear system \D\ has a 
base point, and D 2 = d + 4b - 2a - 6 = 3d - 8. □ 

Remark 3.15. In case d = 2 in (iii) above, Y is a K3 surface and one can 
construct examples of divisors D with D effective, D ■ F = 3 and D 2 = —2 
directly, so that \D\ has a fixed component. It suffices to take a = b = 1, 
N = 4, and D = Si • F. 

4 Irreducible components of the moduli space 

Let k be algebraically closed and let n be a positive integer prime to the 
characteristic of k. Later, in the discussion of Pontrjagin squares, we will 
further have to assume that char A; ^ 2, and eventually that k = C. Our 
goal in this section is to describe the set of components of the moduli space 
of genus one fibrations over P . We shall primarily be concerned with the 
case where all fibers of ir are irreducible, because of the following: 

Theorem 4.1. Suppose that k = C. Let f : Y -> P 1 be a genus one fibration 
and let D be a divisor on Y of fiber degree n. Then there exists a complex 
manifold y, a flat proper morphism <3? : y — > P 1 x A, where A is the unit 
disk in C, and a divisor T> on y such that, if ^ : 3^ — > A is the composition, 
then \& _1 (0) = Yq = Y, x I ,_1 (t) = Yj is a smooth genus one fibration over 
P 1 with all fibers irreducible for all t ^ 0, and T> induces a divisor on Y% for 
all t, such that T>\Yq has the same restriction to the generic fiber as D. □ 

Proof. (Sketch.) The proof of this theorem uses standard results going back 
to Kodaira (see also Kas [15] or [131 Section 1.5] for more details). Let Md be 
the coarse moduli space of elliptic surfaces ir: X — > P 1 with x(X; Ox) = d. 
(One has to be a little careful in case d = 1.) Then Aid is irreducible, since 
via the existence of Weierstrass models there is a surjection U — > Aid, where 
U is a nonempty Zariski open subset in the product |Cpi(4d)| x |Opi(6d)|. 
In particular, beginning with an elliptic surface tt: X — ► P , there exists a 
smooth curve, which we may take to be the unit disk A, and an elliptic 
fibration with a section X — > A x P 1 such that, if II: X — > A is the induced 
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map, then n _1 (0) = X and n _1 (s) is an elliptic surface all of whose fibers 
are irreducible for s ^ 0. Here, one needs the existence of simultaneous 
resolution of surface rational double points since the Weierstrass model of 
an elliptic surface with reducible fibers will be singular. 

If 7r: X — > B is an elliptic surface, there is an analytic Tate-Shafarevich 
group H* n (B;£) and a surjective homomorphism H 2 (X;Ox) — * Hl n (B;£) 
[1'6\ Section 1.5, Lemma 5.11]. Let LT: X — > S be an arbitrary family of 
elliptic surfaces over a complex manifold S. Then a point of the total space 
V = V{R 2 H*Ox) corresponds to a complex elliptic surface Y s whose Jaco- 
bian surface is isomorphic to X s = IT -1 (s). Moreover, there is a tautological 
family of genus one fibrations : y — > V ijj] Section 1.5, Proposition 5.31]. 
Specializing to the case B = P , let / : Y — > P 1 and D be as in the statement 
of the theorem, let X be the Jacobian surface of Y, and let X — > A be a 
one-parameter deformation of X as in the preceding paragraph. Thus there 
is a point vq € V = Y(R 2 H*Ox) corresponding to Y, and a tautological 
family y -> V. Let £ € ff 2 (Y; Z) be the class [Z?]. Then, as V is simply 
connected, £ extends to a section a of R 2< ^JL over V, and the locus H where 
£ is of type (1, 1) corresponds to the set of points w£V where the image of 
a in the fiber of R 2 ^^Oy over v is 0. Hence 3 is an analytic subset of V and 
every component of H has codimension at most h 2 '°(Y) = h 2 '°(X) = d — 1 
and hence dimension at least one. On the other hand, it is easy to see 
that the set of algebraic genus one fibrations parametrized by H 2 (X;Ox) 
is countable. Thus, H n V(0) is discrete and the induced morphism H — > A 
is nonconstant on every component. Choosing the normalization of a com- 
ponent of H passing through vq, which we can assume is isomorphic to a 
disk, and replacing by its restriction to this component, then gives a 
deformation of Y as desired. □ 

For arbitrary fields k, we can only show that Y can be deformed to 
a genus one fibration Yt over P 1 with all fibers irreducible and such that 
there exists a divisor on Yt whose fiber degree is divisible by n. However, 
a stronger result is most likely true in positive characteristic as well. In 
what follows, we assume that all fibers of it are irreducible unless 
explicitly stated. 

More generally let tt : X — > B be an elliptic surface (with a fixed section). 
The set of triples (Y, f, ip) , where / : Y —> B is a genus one fibration and 
ip : J(Y) — > X is an isomorphism from the Jacobian surface of Y to X over B 
sending the zero section of J(Y) to the fixed section of X, can be identified 
with the group H 1 (B; £), where £ is the sheaf of sections of ir : X — > B (and 
cohomology means etale cohomology). We denote the class of the triple 
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(Y,f,ip) in H l {B;£) by [Y,</?]. There is a split exact sequence 

-> £ -» R^Gm/T ^ Z -> 0, 

where T is generated by the line bundles associated to components of fibers 
and the homomorphism R}-KjG m /T — > Z is essentially given by taking de- 
gree along the fibers. In particular, if all fibers of ir are irreducible, the 
sheaf £ may be identified with a subsheaf of i? 1 7r*G m . As B is a curve, the 
principal homogeneous space Y is trivial if and only if its restriction to the 
generic point Specif of B is trivial (since a point over Specif automati- 
cally extends to a section of /). From this, it is easy to see that the point 
£ £ H 1 (B;£) corresponding to (Y,f,(f) is an n-torsion point if and only if 
there exists a divisor D onY with D-F = n. Thus the order of Y as defined 
in the introduction is the same as the order of the corresponding element of 
H\B;£). 

There is an analogous construction for B an excellent Noetherian scheme 
and 7T : X — > B a proper flat morphism, not necessarily smooth, all of whose 
geometric fibers are irreducible of arithmetic genus one, with a section a 
whose image is contained in the smooth locus of ir (cf. for example |16j . 
[2], [6]). Explicitly, if 8 is the smooth locus of tt, then there is a canonical 
identification of group schemes £ = Pjc ^ , B which maps a section r of £ — > 
B to the line bundle Gx(t — cr). A straightforward argument using the 
existence of Weierstrass equations or the compactification of the relative 
Picard scheme (pQ or [51 Section 8.2]) shows that the action of £ on itself 
by multiplication extends to an action £ x # X — > X. Now suppose that 
f.y — * B is a proper flat morphism, all of whose geometric fibers are 
irreducible of arithmetic genus one, and that we are given an isomorphism 
of group schemes cp: Pic °, /fl — > £. Then, as shown in [2], if y° is the smooth 
locus of /, then 3^° is a principal homogeneous space for £. Denote by 
[y,<p] the corresponding element of H 1 (B;£). Given 93, we can construct a 
compactification y' of 3^° by taking the associated space y° x £ X which is 
the quotient of y° x b X by the antidiagonal action of £. In the geometric 
case, where B is a smooth curve over k, y = y', since both surfaces have 
unique relatively minimal models. In general, we shall always make the 
assumption that y = y', i.e. that 3^ is determined by (and determines) the 
class [y,ip] € H 1 (B;£), given the fixed compactification X of £. 

Suppose that n is a positive integer invertible on B. The n-torsion points 
in i? 1 (£?;£) can be described as follows: begin with the exact sequence (of 
sheaves on X ) 

{1} * l^n ¥ G m > G m > 

{I}- 
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Since 7r*G m = G m , the homomorphism R 7r*/i n — > R 7r*G m is injective. 
It follows that there is an injection R 1 7r*fi n — > £ whose image is the ker- 
nel of multiplication by n, and hence a homomorphism H 1 (B; R l TT^^i n ) — > 
H l (B;£) whose image is in the subgroup of n-torsion in H l (B;£). This 
image is actually equal to the n-torsion because multiplication by n on 8 is 
surjective (see below). 

One can also proceed as follows: define £[n] via the exact sequence 

-» £[n] -» £ ^ 5 -» 0, 

where we have used the assumption that the fibers of 7r are irreducible 
to conclude that multiplication by n is surjective. The above arguments 
show that £[n] = R l, K^^i n . Moreover there is an induced homomorphism 
H 1 (B;£[n]) — » ff 1 (-B;<5) whose image is the subgroup of n-torsion points 
in H 1 ^;^. However the homomorphism // 1 (i?;f[n]) — ► H 1 (B;£) is not 
always injective. Artin and Swinnerton-Dyer have proved ([2], Proposition 
(1.7)): 

Lemma 4.2. T/ie group H 1 (B; £[n]) classifies the set of isomorphism classes 
of quadruples (y,f,ip,r), where f : y ^ B is a flat proper morphism, all 
of whose geometric fibers have arithmetic genus one, cp : Pic ^, j B — » £ is an 
isomorphism of group schemes, with y = y° x £ X as schemes over B, 
and t is a section of Pigy i B over B of degree n. Here an isomorphism 
^ : (y,f,ip,r) — » (y' , /' ,(p' ,t') consists of an isomorphism ^: y° — > (y')° 
such that f'ofy = f, (p 1 = ip, where ^* is the naturally induced isomor- 
phism from £ to £' , and ^>*t' = t. □ 

Corollary 4.3. Suppose that B is a smooth curve over k. Then the group 
H l (B; £[n]) classifies the set of isomorphism classes of quadruples (Y, f, ip, D), 
where f : Y — > B is a genus one fibration, ip is an isomorphism of elliptic 
surfaces with a section from J(Y) to X , and D is a divisor on Y such that 
D ■ F = n, and an isomorphism : (Y, f, cp, D) — > (Y 1 , f, <p', D') consists of 
an isomorphism ^ : Y — > Y' such that f'o^/ = f, <p>' o vf* = <p } where 1 I / * is 
the naturally induced isomorphism from J(Y) to J(Y'), and *$>*D' has the 
same restriction to the generic fiber of f as D. □ 

In the surface case, given a quadruple (Y, f, ip, D) as above, a concrete 
way to determine the class [Y,<p,D] = a £ H l {B; £[n\) = /^(.B; i? 1 ^*/^) 
given by Lemma 14.21 is via the following description of the filtration on 
H 2 (X;fj, n ) induced by the Leray spectral sequence. Let p: H 2 (X;fj, n ) — > 
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H°(B; R 2 Tr*fi n ) be the usual homomorphism. The pullback H 2 (B;fi n ) — > 
H 2 (X; n n ) has image equal to Z/nZ • [.F], which is contained in Ker p, and 

fl" 1 (B;fl 1 7r,Ain) = Kerp/(Z/nZ- [F]). 

As all fibers of 7r are irreducible, the homomorphism 

tf 2 (X; fi n ) -> i? 2 7r*/xj Z/nZ 

sends a to a([F]), and hence H l (B; R}-K*n n ) [F]- L /(Z/nZ • [F]). Similar 
statements hold when we replace ir: X — > 5 with f:Y—>B. If -D is a 
divisor on Y with D ■ F = n, then L> defines a class [£)] in H 2 (Y; /j, N ) for 
any N. Taking N = n, we see that the image of [D] in H°(B; R 2 f*ii n ) is 
and hence D defines a class in H*(B',R f*ii ), also denoted [D]. 

Lemma 4.4. For every N prime to the characteristic and for all i, there is 
an isomorphism 

which respects the cup product. Via the identification R 1 /*/u n = i? 1 7r*/i n , 
the element — [D] £ H 1 (B; R 1 f*fi n ) corresponds to the class a = [Y,(p,D] € 
H l (B; i? 1 7r i( ,/^ n ) given by Lemma 

Proof. The first statement follows from the fact that there is an etale open 
cover of B, say {Ui}, such that 7r~ 1 (f7j) = f~ l (Ui) as schemes over Ui, and 
such that the transition functions are given by fiberwise translation and thus 
induce canonical isomorphisms in cohomology. (This result does not need 
the assumption that all fibers of 7r are irreducible.) 

To see the last statement, if {Ui} is an etale open cover of B, we denote 
the pullback of a to XJ% by <jj and the pullback of a to U{ x b Uj by o~ij . The 
class a = \Y,ip,D] given in [21 Proposition 1.7] is defined as follows: the 
group -ff 1 (.B; i? 1 ^*^) = H l {B;£[n\) is the first hypercohomology group 
M 1 (B;8 ^-^> £), and as such corresponds in Cech cohomology to a pair 
(£,5), where £ = {£jj} is a 1-cocycle for £, 6 = {5i} is a 0-chain, and 
n£jj = Si — 5j. To pass from this description to an element of -ff 1 (B; £[n]), 
write Si = nji for some section ji of Xu v which is possible after refining 
the cover, and then £y — 7i + 7j is an n-torsion section of £ over Ui Uj, 
corresponding to the n-torsion line bundle 

°x UiXbUj (£y - 7i + 7j - j 

which is then the corresponding representative for (£, 5). (Here and in what 
follows all equalities of line bundles are modulo Pic(J7j) or Pic(t/j xg JTj) 



31 



as appropriate.) Given Y and D, the class a = (£,5) is denned as follows: 
We may assume that there exist sections Tj on Y\j i - The isomorphism 92 
then uniquely defines an isomorphism of pairs ipi'. (Y[/.,Tj) — > , <7j), 
and y?j o is translation on Xu iXB i/ j by a section We can write 

Oy v (D) = ip*Ox v . {Si + (n — l)<Tj) for a unique section <5j. Thus 

(tpi o O" 1 ))*^ + (n - l)(<Ty)) = + (n - l)(cry) + <y 

= Sj + (n-l)(<7ij), 

and so <5j — <5j = on C/j x # C/j. After passing to a refinement of the cover, 
we can write <5j = 717^ as sections of £(Ui); as divisors, Si = nji — (n — l)<7j, 
and thus <5j + (n — l)<7j = rr/j. It follows that 99* Ox v (7?) is an n th root of 

On the other hand, the class [D] G H 2 (Y;fi n ) is the image of the line 
bundle Oy{D) G H 1 (Y;G m ) under the Kummer exact sequence. There is 
also the exact sequence 

-> i?V*Mn -» #7*<G m -> ft -» 0, 

where 7?. is the image in i? 1 /*G m of multiplication by n from i? 1 f*G m to 
R l f*G m . Under the assumption that all fibers are irreducible, it is easy 
to see that Oy(D) defines a class in H°(B;TZ), i.e. that there exists an 
etale open cover {U{\ of B such that Oy{D)\Yu i = Cf n . So we can write 
Oy{D)\Yjj i = Lf n , where Li has degree one on every fiber. The line bundle 
Li (g> LJ 1 on Yu iXB Uj is then a line bundle which is n-torsion on every fiber 
and so corresponds to a section of H l {Yjj iXB u j ; fi n ). In this way we get a 
Cech cocycle which defines an element of H l (B] i? 1 /*^) corresponding to 
[D]. But as we have seen, we can take the n th root d of Oy(D)\Yu. to be 
the line bundle (<p~ 1 )*Cbf (/ . (li) in the notation of the preceding paragraph. 
Hence the line bundle Li® LJ 1 on Yu tXB u j corresponds to the line bundle 

Ox v . XbU . in - hj + in - 

Up to sign, this is the same as the class [Y, ip,D]. □ 

Remark 4.5. One can show the following: suppose that 7r: X — > B is 
a proper flat morphism with all fibers of tt irreducible curves of arithmetic 
genus one, where B is an excellent scheme of finite dimension and n is invert- 
ible in Ob- Let /: y — > B is a proper flat morphism, all of whose geometric 
fibers are irreducible of arithmetic genus one, and that ip: Pky , B — ► £ is 
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an isomorphism of group schemes. Suppose that the class [y, tp] G H l (B; £) 
is divisible by n in the following sense: for every m > 1, there exists a 
£ G H 1 ^; £) such that [3^, 97] = re m £. Finally, let iV be an integer invertible 
in Ob- 

Then M/^/x^y = Mvr^/ijv (respecting the cup product), which implies 
both that R % f*ii N = R % it*ii n , by taking cohomology sheaves, and that 
H l (Y; fx N ) = H l (X; /xjy), by taking hyper cohomology. This is the analogue 
of the situation for k = C, where in fact X and Y are diffeomorphic. 

It is not clear if this result continues to hold if we drop the divisibility 
assumption on the class of Y in H 1 (B;£), for example if B is a curve over 
a finite field. 

Using the exact sequence 0— > £[n] — > £ ^ £ ^ and the identification 
£[n] = R l Tr*/j, n , we see that the hypothesis on the divisibility of [y, if] is 
satisfied if H 2 {B;R l TT^^i n ) = 0. If for example ir: X — > B is a smooth 
elliptic surface with all fibers irreducible and at least one singular fiber, 
then one can check that H 2 (B; ii 1 7r !t /i n ) = (cf. Remark 14. 7p and hence 
that R/*/Lt n =S M7r*/z n . 

Returning to the case of surfaces, we have the following results on the 
cohomology of Y, which are well-known if k = C: 

Proposition 4.6. Let f:Y^>B be a genus one fibration and let N be a 
positive integer prime to charfc. (Note: we do not assume that all fibers of 
7r are irreducible.) Suppose that f has a singular fiber. Then: 

(i) The induced homomorphisms H l (B; fj, N ) — > i? 1 (y; fj, N ) and 7Ti(Y, *) — > 
7Ti (£?,*) are isomorphisms. 

(ii) The group H 2 (Y; fi N ) is a free Z,/NZ,-module. 

(hi) There exists a class 9 G H 2 (Y; fj, N ) such that 0-[F] = 1, i.e. the image 
of 9 in H°(B; R 2 f^ N ) = Z/NZ is 1. 

Proof, (i) Let u: Y' — *■ Y be a finite etale cover, and take the Stein factor- 
ization of the composite morphism Y' — > Y — > B: 
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B' ► B. 

Since / has no multiple fibers, B' — > B is etale. Consider the induced 
morphism Y' — > 7 B'. Since Y"' — > Y" and Y B' — > Y are etale, 
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Y' — ¥ Y x b B' is etale as well, and the statement of (i) is equivalent to the 
assertion that Y' — > Y x b B' is an isomorphism. Replacing Y by Y xg B', 
which also has a singular fiber, it clearly suffices to prove that, if v. Y' — > Y 
is etale and the general fiber of the composite morphism /' = / o v : Y' — > B 
is connected, then v is an isomorphism. Note that, if F is a smooth fiber of 
/, then v~ l {F) = F' is a connected etale cover of F, of degree £, say. Thus 
Y' is again a genus one fibration over B, with no multiple fibers and with 
Jacobian surface J(Y') = X'. Since all fibers of /' are connected, the only 
possible singular fibers of /: Y — > B are of type Ik, and at least one such 
fiber exists. Moreover, the fibers of /' are smooth, if they lie over smooth 
fibers of /, or of type J^, if they lie over fibers of / of type Ik- In particular, 
if x(Y;Oy) = d > 0, so that the Euler number e(Y) = c 2 (Y) = 12d, then 
e(y') = £ e (Y) = 12d£ and hence X {Y'; O y >) = dl. 

On the other hand, x{ Y '\0 Y t) = 1 - q(Y') + p g (Y'). Since Y' has 
no multiple fibers, R 1 {f)^0 Y ' = C is a line bundle on B with deg£ = 
deg^xys) -1 < 0, since Y' and hence X' have a nonmultiple singular fiber. 
Thus H°(B; R l (f l ) 9f O Y t) = and it follows from the Leray spectral sequence 
that q{Y') = h 1 ^'; O y >) = g{B) = q(Y). Since v.Y'^Yis etale, K Y , = 
v*K Y and hence Pg (Y') = h°(Y';K Y ,) = h°(Y';v*K Y ) = h°{Y;u,u*K Y ). 
The homomorphism H°(Y;K Y ) — > H°(Y; v*v*K Y ) is an isomorphism, be- 
cause the restriction of the quotient v*v*K Y /Kk to a smooth fiber F is of 
the form ©^Z^A - *, where A is a torsion line bundle of order t and hence 
has no nonzero sections on F. Thus p g (Y') = h°(Y; K Y ) = p g (Y). But then 
X(Y'; Y >) = l-q(Y')+p g (Y') = x(Y; O y ) = d, contradicting the fact that 
X {Y'; Y >) = dl and that d > 0. 

(ii) Using (i), H 1 (Y; fi N ) = H 1 (B; fi N ) is a free Z/iVZ-module, and hence 
H S (Y; fi N ) is a free Z/iVZ-module by Poincare duality. The etale cohomol- 
ogy groups H l (Y; n N ) are the cohomology of a finite complex C* of finite 
free Z/iVZ-modules (see for example [7, p. 95, Theorem 4.9]). Thus, all 
but possibly one of the Z/iVZ-modules H % {C°) is free. It is then a standard 
fact in homological algebra that H l (C) is a free Z/iVZ-module for all i. In 
particular H 2 (Y; fi N ) is free. 

(iii) Using (ii), H 2 (Y; fi N ) is a free Z/./VZ- module. By Poincare duality, it 
is enough to show that the class [F] of F in H 2 (Y; fi N ) is primitive, i.e. is 
not divisible by an integer £ > 1 dividing N, which we may assume prime. 
Arguing by contradiction, suppose that [F] = £j for some prime £ and some 
7 € H 2 (Y; /Xjy). Fix a point po G B and let Fq be the corresponding fiber, 
which we assume is smooth. The image of [Fq] in H 2 (Y;^jli) is zero, and 
hence, via the Kummer sequence, O y (Fq) = L®^ for some line bundle L on 
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Y. Then L restricts to an ^-torsion line bundle on every fiber of / and L 
has degree zero on every component of every fiber. If L\F is trivial on one 
smooth fiber F, or equivalently on all smooth fibers, then by semicontinuity 
L\F has a section for every fiber F, smooth or not. Since there are no 
multiple fibers, a standard argument ("Ramanujam's lemma," see e.g. [U 
11.12. 2] or [13 Exercise 1 p. 191]) shows that L\F = O f for all fibers F 
of /, and hence L = f*X for some line bundle A on 6. But this is clearly 
impossible, since then we would have f*\® e = /*C B (p ). Applying /* then 
gives X® 1 = Ob(po) and hence £ ■ deg A = 1, which is absurd. 

Thus the restriction of L to every smooth fiber has order I. Let v.Y 1 ^ 
Y be the m cover defined by the I th root L of Oy (Fq) and the natural section 
of O Y (F ). By construction, v^Oy = Oy ® L~ x © • • • © L^ 1 ). Then Y' is 
a smooth surface and the induced morphism f : Y' B has generic fiber 
equal to a nontrivial etale cover of a genus one curve. Hence Y' is again a 
genus one fibration over B with Jacobian surface J(Y') = X' . We are then 
in the situation of the proof of (i), except that, as (f')*(po) = v*Fq = £G 
for some curve G on Y' isomorphic to Fq, Y' has the unique multiple fiber 
G over po of multiplicity £, and G is tame. As before, if x(Y;Oy) = d, so 
that the Euler number e{Y) = c 2 (Y) = 12d > 0, then e(Y') = £e(Y) = Yldl 
and hence x{Y'\O y >) = d£. 

On the other hand, x<X';CV') = 1 - q(Y') +p g (Y'). Since G is tame, 
R 1 {f')*C ) Y' = £■ is a line bundle on B with deg£ = deg^x'/s) -1 < 0, 
and again q(Y') = h 1 (Y 1 ; Oy) = g{B) = q(Y). Since v:Y'—>Y is etale 
away from Fq, and is totally ramified at Fo, Ky = v*Ky + (£ — l)G. Since 
v*Ky \G is trivial and Oy(G)\G is torsion of order I, it is easy to check that 
p g (Y') = h°(Y'; Ky) = h°(Y';u*Ky), and, again arguing as in the proof 
of (i), Pg {Y') = h°(Y; K Y ) = p g {Y). But then X (Y';Oy) = 1 - q{Y r ) + 
p g {Y') = x(Y;Oy) = d, contradicting the fact that x{Y';Oy) = d£ and 
that d > 0. It follows that [F] is not divisible in H 2 (Y; /x^r), completing the 
proof of (iii). □ 

Remark 4.7. If in addition all fibers of / are irreducible, then, by the 
isomorphism R 1 f^n n = R 1 i: :¥ ^i n and an analysis of the Leray spectral se- 
quences for Y and for X, one can further show that H 2 (B; R 1 /*/x n ) = 0. 
Using the Leray spectral sequence again, this gives an easier proof of (iii) 
under the additional assumption that all fibers of / are irreducible. 

Pontrjagin square gives a quadratic form p: H 2 (X; fi n ) — > Z/2nZ, which 
induces a similar quadratic form on H l {B\R 1 TT^^ n ) (also denoted by p). 
In both cases it can be computed by lifting classes modulo In and squar- 
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ing using the cupproduct. It is straightforward to check that the isomor- 
phisms of Lemma [4.41 are compatible with Pontrjagin square. We then have 
the following formula, special cases of which were established by Artin and 
Swinnerton-Dyer [2]: 

Lemma 4.8. Suppose that f or equivalently tt has a singular fiber. If a G 
H l (B; R^ir^Hn) and Y is the corresponding genus one fibration, with n- 
section D, then 

D 2 = —n 2 d + p(a) mod In. 

Proof. To compute p(a), it suffices to lift a to a class in H 1 (B; F&TT^^n) an d 
compute its square. By Lemma l4~H we can work with [D] G H l {B\ R 1 /*/x n ). 
The class [D] G H 2 (Y;n 2n ) does not induce a class in H 1 (B; R 1 f^fj, 2n ) 
since its image in H°(B; R 2 f*n 2n ) 1S nonzero. To correct this, applying 
Proposition l4.6l with iV = 2n, there exists 9 G H 2 (Y; ii 2n ) such that 9-F = 1. 
Thus the class [D] — n6 € H 2 (Y; fj, 2 n) m aps to in H°(B; R 2 f^^i 2n ) an d so 
induces a class in H 1 ^; R 1 f :¥ fi 2n ) which is clearly a lift of [D]. Computing, 
we find that 

= (D- na) 2 = D 2 - 2n(D ■ 9) + n 2 9 2 mod 2n 
= D 2 + n 2 d mod 2ra, 

since by the Wu formula [231 Proposition 2.1], 6 2 + Ky -9 = mod 2. This 
establishes the formula. □ 

From the formula 

D 2 = -2deg J R 1 /*0 Y (- J D) - (n + 2)d, 

we see that the n possible values of c\{R l f^Oy{— D)) mod n, or equivalently 
of ci(/*Oy (D)) mod n, determine and are determined by D 2 or by p(a) mod 
2n. Note that D 2 + K Y ■ D = D 2 + n(d - 2) = mod 2, i.e. D 2 = nd mod 2. 
This is consistent with the lemma above since —n 2 d = nd mod 2 and p(a>) 
mod 2. 

Before we state the main the the main theorem of this section, we note 
the following terminology: If A is a free Z/nZ- module, for example A = 
H (P ; -R 1 7r^// n ), then a class a £ ^4 is primitive if the following holds: if n' 
is a positive integer dividing n and a = n'c/ for some a' G A, then n' = 1. 
Similarly, if A is a free Z-module, a class A G A is primitive if the following 
holds: if A = a\' for some positive integer a and A' G A, then a = 1. 
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Theorem 4.9. Suppose that k = C. Let i G Z/2nZ satisfy i = mod 2, and 
Zei <S9 j 6e i/ie coarse moduli space of triples (Y, /, D), where f: Y — > P 1 is 
a genus one fibration with Jacobian surface tt: X — > P , swc/i i/iai 

(i) x (y ; cv) = x(X;Ox) = d; 

(ii) ^4/1 fibers of f or equivalently tt are irreducible; 

(iii) The class a G H^P 1 ;^ 1 7r*/x n ) corresponding to Y is primitive and 
p(a) = i. 

Then S dni is irreducible. 

Proof. We may assume that d > 2. Let A4 d C .Af^ be the coarse moduli 
space of elliptic surfaces tt: X — > P 1 with x(A; Ox) = d such that all fibers 
of tt are irreducible. As we have seen in the discussion of Theorem 14.11 A4® 
is irreducible. If t G M% we denote the corresponding elliptic surface by X t . 
Let be the coarse moduli space of triples (Y, /, D), where /: Y — > P 1 is 
a genus one fibration with Jacobian surface tt: X — > P 1 satisfying (i) and (ii) 
in the statement of the theorem. There is a morphism S® n — > whose 
fiber over a general point i is F^P 1 ; -R 1 ^*^) ^ [F]- L /(Z/raZ) • [F], viewed 
as a subquotient of H 2 (Xt; n n ). (In particular, if Xt is general, then the 
pair (Xt,cr) has no nontrivial automorphisms.) The irreducible components 
of S® n then correspond to the orbits of the action of T = -K\{MP d ,t) on 
[i ? ] _L /(Z/nZ) • [F], which we can also identify with {a, F}- 1 -. The action 
of r preserves both the divisibility and the Pontrjagin square of a class 
a G {a, F}^, so it suffices to show that T acts transitively on the set of 
primitive classes a with p(a) = i. 

In H 2 (Xt]Z), the classes a and F span a unimodular lattice, and 

{a, F} 1 - = A = (2d - 2)U d(-E 8 ), 

where U is the rank two hyperbolic lattice and — E% is the negative of the 
root lattice E$. The sublattice {a, F} 1 - of H 2 (X t ; fi n ) is the mod n reduction 
of A, and if a is the reduction of an element A G A, then p(a) = A 2 mod 2n. 
The action of V on {<r, F}^ C H 2 (Xt; fi n ) is the reduction of the action of T 
on A. We begin by identifying this action, thanks to a result of Lonne [TT] 
based on work of Ebeling [SJ [9] : 

Theorem 4.10. The image ofT in the orthogonal group 0(A) contains the 
index two subgroup 0*(A) of elements of real spinor norm one. 
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Proof. Begin with the degenerate Weierstrass equation y 2 z = 4x 3 — g2xz 2 — 
g^z 3 defining a singular surface Xq € P(Opi(2d) © 0pi(3cf) © Opi), where 
g 2 = £ fl' (P 1 ;O P i(4d)) and # 3 G H (F 1 ;O P i{6d)) is a section vanishing 
to order 6d — 1 at a point p 6 P 1 and hence vanishes simply at one other 
point. In local coordinates, Xq has a singularity analytically of the form 
y 2 = 4x 3 + £ 6d ~ 1 , which is of type E^d-i, m Arnold's notation. According 
to Table 3 in [5], the intersection pairing on the Milnor lattice of E\2d-A is 
unimodular of rank \2d — 4 (as we shall also see directly). If A is a general 
regular elliptic surface with x(@x) = d, one can identify the Milnor lattice 
of Ei2d—i with a sublattice of H 2 (X;7*), which is orthogonal to a and F, 
hence is contained in A and therefore equal to A since both are unimodular. 

The universal family of elliptic surfaces containing Ao fails to be a versal 
deformation of the E\2d-A singularity. In fact, the E\2d-A singularity has a 
C*-action, and it is easy to check directly that the universal family of elliptic 
surfaces gives a versal deformation for the negative weight direction, and 
hence is transverse to the jj, = constant stratum. Using results of Pinkham 
[21] ; one can also identify the Milnor fiber with Xt — a — F c , where Xt is 
a smooth elliptic surface with x(@x t ) = d, o is a section on Xt, and F c is 
a cusp fiber. Thus the intersection pairing on the Milnor fiber is that of 
B.2 (Aj — a — F c ; Z) and hence is isomorphic to A. 

Without appealing to the theory of deformations of singularities with 
C*-action, one can argue directly (following [1TJ ) as follows: By adding a 
small term to 52 which does not vanish at p and a small linear term to 53 (in 
local coordinates), we obtain a new elliptic surface X s with local equation 

y 2 = 4x 3 + a\x + t M_1 + a 2 t + s, 

where we view a\ and 02 as fixed and s as a parameter. The surface X s will 
have a singular point (£, 77, r) E X s exactly when when the partial derivatives 
12x 2 + ax, 2y, (6d - l)t 6d ~ 2 + 02 all vanish for (x,y,t) = (£,7/,r). If £ is a 
root of 12x 2 + 01, r is a root of (6d — l)t 6d ~ 2 + 02 and 

- = "(4£ 3 + arf + + a 2 r) = - (£^) a 2 r, 

then the surface X s has an ordinary double point corresponding to (x, y, t) = 
(£, 0, r). One checks that, if a± and 02 are general, then in this way we pro- 
duce 12d — 4 different surfaces X s , each with a single ordinary double point 
near the original i?i2d-4 singularity. For each such surface and ordinary dou- 
ble point, let 5 be the corresponding vanishing cycle and let A C A be the 
set of all such vanishing cycles. Then A is the set of vanishing cycles for the 
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Ei2d-4 singularity. As such, A spans A and the Dynkin diagram correspond- 
ing to A is connected. Hence, if Ta is the group generated by reflections 
about the vanishing cycles in A, then A is contained in a single r^-orbit. 
Moreover, the Dynkin diagram for A contains a certain subdiagram with 
6 vertices, which makes the pair (A, A) a complete vanishing lattice in the 
sense of It then follows by Theorem 5.3.4] that T A = 0*(A). 

On the other hand, it is easy to see that the deformations of X s are 
versal for the unique double point on X s . The monodromy associated to 
this deformation acts on A as the reflection in the corresponding vanishing 
cycle. Hence the image of the monodromy group contains and thus it 
contains <3*(A). □ 

Remark 4.11. Although the above proof analyzes the negative weight de- 
formations of the Ei2d-A singularity y 2 = 4x 3 + ,z 6d-1 , it is in many ways 
more natural to consider instead the singularity y 2 = 4x 3 — C2Xz Ad — csz ed , 
whose Milnor fiber is diffeomorphic to Xt — a — F, where Xt is a smooth 
elliptic surface with x(@x t ) = d, cr is a section, and F is a smooth fiber on 
Xt isomorphic to the elliptic curve with equation y 2 = 4x 3 — C2X — C3. 

Next we have the following standard result, due to Wall [24] in the 
unimodular case: 

Lemma 4.12. Fix an even integer j. Then the group 0*(A) acts transitively 
on the set of primitive classes A £ A with X 2 = j. □ 

Proof. By [21], the result holds with O(A) instead of 0*(A). In particular, 
fixing a hyperbolic summand U of A with standard basis e, 5 (e 2 = 5 2 = 
and e ■ 5 = 1), every primitive A G A with A 2 = j is equivalent under 
A € O(A) to £ + (j/2)<5. If A £ 0*(A), we can find a hyperbolic summand 
U' of A orthogonal to U and modify A by a reflection about an element of 
U' to adjust the spinor norm to be 1. □ 

To complete the proof of Theorem 14.91 it therefore suffices to prove: 

Lemma 4.13. For every i 6 Z/2nZ with i = mod 2, the group 0*(A) acts 
transitively on the set of primitive classes a £ A/nA with p(a) = i. 

Proof. Fix an integer j whose reduction mod 2n is i. By Lemma 14.121 it 
suffices to show that, if a is a primitive class in A/nA with p(a) = i, then 
there exists an integral lift a € A such that a is primitive and (a) 2 = j. 

First we claim that we can assume that a is primitive. Begin with any 
lift a of a to A. If a is not primitive, let a = aA', where a > 1 and 
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A' is primitive. Since a is primitive, a and n are relatively prime. We can 
assume by Lemma [4. 121 that A' is a primitive vector in a standard hyperbolic 
summand U of A. Choosing a hyperbolic summand U' of A orthogonal to 
U and a primitive vector e' G U' with (e') 2 = 0, the vector a + ne' is then 
a primitive vector in A lifting a. 

Let (a) 2 = £ = j + 2nk. Since a is primitive, we may as well assume, 
again by Lemma 14.121 that a = (£/2)e + 5, where e,5 are a standard basis 
of a hyperbolic summand U of A. But then [(1/2) — nk]e + 5 is another lift 
of a to A, and its square is j. This completes the proof of the lemma and 
hence of of Theorem 14.91 □ 



5 Existence of rigid bundles 

Throughout this section we consider only the case of elliptic fibrations with 
base P 1 . 

Definition 5.1. A rank n vector bundle V on P 1 is rigid if there exists an 
integer a such that V = P i (a) k © P i (a — l) n_fc for some integer k > 0. In 
other words, up to a twist by P i(a), V = O k x ® P i(-l) n ~ k with k > 0. 

Lemma 5.2. Xei V be a rank n vector bundle on P 1 urai/i V = ©!Li Cpi(ai) 
TOt/i = ao > ai > • • • > a n , or equivalently such that h°(F 1 ;V) ^ but 
/ l (P 1 ;F(-l)) = 0. Then V is rigid a„ > -1 ^ /i°(V) = x(^) 

^ h l (V) = 0. □ 

In terms of divisors on genus one fibrations, we have: 

Lemma 5.3. Let Y -> P 1 6e a genus onefibration and let D be an f-nef divi- 
sor on Y such that D is effective but D — F is not effective. Then f*Oy(D) 
is rigid <=> n*O x (D) = © P i(-l)"- fc ^ h (Y;O Y (D)) = 
x(Y;Oy(D)). 

Proof. Immediate from Lemma 15.21 the Leray spectral sequence, and the 
fact that R l f*0 Y {D) = 0. □ 

Of course, f^Oy(D) is rigid <^=^ R 1 f#Oy(—D) is rigid. In this section, 
it will be slightly simpler to work with f*Oy{D). 
The goal of this section is to show the following: 

Theorem 5.4. Assume that k = C Let d > 2 and let A4® be the coarse 
moduli space of elliptic surfaces it: X — > P 1 with x(®x) = d and such that 
all fibers of ir are irreducible. Fix n > 2. Then there exists an open dense 
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subspace of M. d consisting of elliptic surfaces X such that, for every genus 
one fibration f : Y — > P 1 whose Jacobian surface is X and for every f-nef 
divisor DonY with D ■ F = n, the rank n vector bundle f*Oy{D) is rigid. 

The proof will be by induction on d. In the case d = 2, we have: 

Lemma 5.5. Let X be an elliptic K3 surface, let f : Y — > P 1 be a genus 
one fibration whose Jacobian surface is X , and let D be an f-nef divisor on 
Y with D ■ F = n. Then f*Oy(D) is rigid. 

Proof. This follows easily from Remark 12.91 It is also easy to give a direct 
proof in case D is minimal. In this case, there exists an irreducible curve 
C in \D\. From the exact sequence — > Oy{— C) — > Oy — > Oq — > 0, it 
follows that /i 1 (y;O y (-C)) = and hence that h l {Y; Oy{C)) = 0. Thus 
h°(Y; Oy{D)) = X (Y; Oy{D)) and so f*Oy{D) is rigid by Lemma[OJ □ 

In the general case, the strategy is as follows. Using the discussion of the 
irreducible components from the previous section, it is enough to construct, 
for every integer k mod n, a single genus one fibration /: Y -> P 1 with 
x(Oy) = d, with all fibers of / irreducible, and a divisor D on Y of relative 
degree n such that f^Oy(D) is rigid and c\{f*Oy{D)) = k mod n. We will 
do so by finding suitable degenerations of genus one fibrations Y to normal 
crossings fibrations / : Y' U X -> P 1 U P 1 , where Y' is a genus one fibration 
with x(Oy) = cZ — 1 and X is a rational elliptic surface, and Y', X are glued 
along a fiber. 

To check rigidity via degenerations, we shall use the following lemma: 

Lemma 5.6. Let <j)\ B — ► A k a smooth surface, fibered over a smooth 
curve A, such that 4>~ l {t) = P 1 for t ^ to G A and such that </>~ 1 (to) has 
two components C\ and C2, each isomorphic to P 1 , glued at a point, so that 
_1 (to) has a single ordinary double point. Let V be a vector bundle on B 
such that V|Ci = C P i (-l) n ~ k , where k > 0, and V\C 2 = O^. Then, 
there exists a nonempty Zariski open subset U of A such that, for all t £ U, 
V\<t>~ x {t) is rigid, and infactV\(j)- l {t)^O k 1 ®0^{-l) n - k . 

Proof. Let V t = V\4>~ l {t). By LemmaEH it suffices to show that h°(V t ) = k 
and hMVt) = h (V t (-l)) = for t G U. First we claim that ^(VfJ = 0. 
This follows from the normalization exact sequence 

-> V t0 ^ n*(V|Ca V|C 2 ) -» (C n ) p -» 0, 

where p is the singular point of _1 (to) and n: C\ II C2 — > 4>~ l {to) is the 
normalization. Next, h°(Vt 0/3) =0, where L is a line bundle on B which 
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restricts to 0pi(— 1) on </> -1 (i), t € U, restricts to 0pi(— 1) on Ci, and is 
trivial on C2, as again follows easily from the normalization exact sequence. 
So there is a nonempty Zariski open subset U of A such that, for all t £ U, 
h^Vt) = fc°(V t (-l)) = 0. Finally, x (V t ) = x(V to ) = k > 0, and thus 
h°(V t ) = k as well. □ 

It is then enough to establish the following: 

Claim 5.7. Fix an integer k, < k < n and an integer d > 3. Then there 
is a family y — > B — > A where y is a smooth threefold and B is a smooth 
surface, A is a smooth curve as in Lemma \5.b\ and a point to € A with the 
following properties. Denote by B t the fiber of B over t 6 A, and similarly 
for Yt, and let ft'Yt—* Bt be the induced morphism. Then: 

(i) B t ^ P 1 for t / t and B to ^ P 1 U P 1 meeting normally; 

(ii) The induced morphism ft: Yt — > Bt gives Yt the structure of a genus 
one fibration with all fibers irreducible and x(@Y t ) = d, for t 7^ to; 

(hi) Yt = Y'\JX, where Y' is a genus one fibration with all fibers irreducible 
and x(Cy) = d — 1, X is a rational elliptic surface with all fibers 
irreducible, Y' and X meet normally along a smooth fiber for both 
of the given fibrations, and the morphism ft = f U g: Y' U X — > 
P 1 U P 1 induces the two given fibrations on the two components of the 
normalization ofYt ; 

(iv) There exists a Cartier divisor T> on y , such that T>\Y' = D' sat- 
isfies: (f%0 Y '(D') = O*! O pl (-l) n - fc and V\X = D satisfies: 
g.O x (D) = 0" 1 . 

We prove the claim in several steps. First, we can find the genus one 
fibration f: Y' — > P 1 and the divisor D' by induction on d, beginning with 
the case d = 2. Next we find appropriate divisors on rational elliptic surfaces: 

Theorem 5.8. Let it: X — > P 1 be a rational elliptic surface and let n G Z, 
n > 1. Then there exists a divisor D on X such that D ■ F = n and 
tt*Ox(D) = Opi . 

The proof follows from the next two lemmas: 

Lemma 5.9. Let it: X — > P 1 be a rational elliptic surface and let n £ Z, 
n > 1. Let D be a smooth rational curve in X such that D 2 = n — 2. Then 
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Proof. It follows from the exact sequence 

-> O x -> Ox(D) -» C P i(n - 2) -»■ 

that h l {OxiP)) = 0, and clearly h 2 (O x (D)) = h 2 {O x (-D — F)) = 0. 
From the exact sequence 

O^Ox(-D) ^O x ^O d 

it follows that h 2 (O x {-D)) = 0, and hence that h°(O x {D + = 
^°(O x ( J D-F))=0. 

By adjunction, -2 = D 2 + D-K x = n-2 + D-K x = n — 2 — D F. Thus 
D-F = n. It follows that x(OxP)) = h°(O x (D)) = \{D 2 - D ■ K x ) + 1 = 
i(2n-2) + l = n. 

By LemmaGTl 7r*O x (-D) = 0* x C P i(-l) n - fe is rigid, and 

k = h°(F 1 ;n*O x (D)) = h°(X;O x (D)) = n. 

Thus 7T,0 X (D) = 0™!. □ 

Lemma 5.10. Zei 7r: X — > P 1 6e a rational elliptic surface and let n € Z, 
n > 1. T/ien i/iere exists a smooth rational curve D in X such that D 2 = 
n-2. 

Proof. If n = 1, then we can just take a section of X, or equivalently an 
exceptional curve. Otherwise, there is a blowdown p: X — > X, where X 
is a smooth minimal rational surface with a smooth anticanonical divisor, 
and hence X = Fq, F2, or P 2 . Thus X dominates Fo, Fi, or F2. Moreover, 
X is a blowup of either Fo, Fi, or F2 at 8 points, and if X is a blowup of 
F2, then the first point of the blowup does not lie on the negative section. 
It then follows easily that X either simultaneously dominates Fo and Fi, 
or X simultaneously dominates Fj and F2. It thus suffices to show: if n is 
even and n > 2, then there exist base point free linear systems on Fo and 
F2 whose general members are smooth rational curves D with D 2 = n — 2, 
and if n is odd and n > 3, then there exists a linear system on Fi whose 
general member is a smooth rational curve D with D 2 = n — 2. The proper 
transform in X of a general D will then have the desired properties. 

If n = 2, then we can take D to be a general fiber of the ruling on F a , 
a = 0, 1, 2. So we can assume n > 3. In case n = 2a is even, a > 2, and 
X dominates F2, choose the base point free linear system \a + aF\, where a 
is the negative section. Then the general member D of \a + aF\ is smooth 
and satisfies D 2 = 2a — 2 = n — 2. The case where X dominates Fq is 
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similar, using the linear system \a + (a — 1)F\, where a, F are the classes 
of the two rulings on Fo- If n = 2a + 1 is odd and n > 3, so that a > 1, 
choose the base point free linear system \a + aF\ on Fi, where a is the 
negative section. The general member D of \a + ai^| is smooth and satisfies 
D 2 = 2a - 1 = n - 2. □ 

Next we construct a degenerating family of elliptic surfaces with a section 
which is the analogue of the family y of genus one fibrations: 

Theorem 5.11. Let tt: X — > P 1 be a smooth rational elliptic surface, let 
ir': X' — > P 1 6e an elliptic surface with x(Cx') = d — 1, let F ^ X and 
F' C X' 6e too smooth fibers which are isomorphic as elliptic curves. Then 
there exists a family X — > ,B — > A where X is a smooth threefold and B is a 
smooth surface, A is a smooth curve and to € A as in Lemma 15.61 mi/i i/te 
following properties: let B t be the fiber of B over i £ A, and similarly for 
Xt, and let Ttt'- Xt — > -Bt 6e t/ie induced morphism. Then: 

(i) St = P 1 /or i / t a™d = P 1 U P 1 meeting normally; 

(ii) T/ie induced morphism nt'. Xt — > Bt = P 1 realizes Xt as an elliptic 
surface over P 1 with x(Ox t ) = ^ f or t ^o>' 

(iii) Xt = X'uX, where X' and X meet normally along the curves F = F' , 
and the morphism TTt = it' U it : X' U X — > P 1 U P 1 induces the two 
given fibrations on the two components of the normalization of Xt Q . 

Proof. The surface X' is defined by sections g' 2 £ H°(P l ; P i(4(d - 1))) 
and g' 3 G ^(P 1 ; P i(6(d — 1))). Let p € P 1 be the point corresponding to 
the fiber F' . Since P i(4d) ® P i(-4p) ^ P i(4(d - 1)) and P i(6d) ® 
Opi(-6p) = Opi(6(d - 1)), g' 2 defines a section # 2 <G F°(P X ; P i(4d)) van- 
ishing to order 4 at p, and likewise g' 3 defines a section g% G i?°(P 1 ; C P i (6d)) 
vanishing to order 6 at p. The Weierstrass equation y 2 z = 4x 3 — gzxz 2 — g^z 3 
defines a hypersurface X in the P 2 -bundle F(O p i (2d) © O f i (3d) C P i ), with 
a cuspidal fiber E 1 over p, and X has a simple elliptic singularity at the cusp 
of E. More precisely, fixing a local coordinate u on P 1 at p and a local section 
of C P i(l) at p, and hence of C P i(4d) and C P i(6d), the singularity defined 
by the above Weierstrass equation is analytically y 2 = 4x 3 — C2XU 4 — C3U 6 . 
For simplicity, we shall just consider the case where C3 7^ 0, i.e. where the 
j-invariant of the fiber F is not 1728. 

Because the restriction homomorphism 

iJ" (P 1 ;O P i(4d)) -» P i(4d)/n 5 P i(4d) 
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is surjective, for i = 0, 1, 2, 3 there exist sections € -fT°(P 1 ; Opi (4d)) such 
that, using the local coordinate u at p and the fixed trivialization of O f i (4d)) 
chosen above, {u) = u l + 0(u 5 ). Likewise, for i = 0, . . . , 5, there exist 
sections E //°(P 1 ; P i(6d)) such that, using the local coordinate u at p 
and the fixed trivialization of P i(6d)) chosen above, h^\u) = u % + 0(u 7 ). 
Let f be a coordinate of A 1 . For fixed ai, . . . , 04, f3±, . . . , (3q £ k, consider the 
family X C P((9 P i (2d) © P i (3d) © P i ) x A 1 of elliptic surfaces parametrized 
by v € A 1 defined by y 2 z = 4x 3 — G2{v)xz 2 — G?,{v)z z , where 

4 

G 2 (v)=g 2 + Y,a l v l ht t) ; 
i=i 

6 

g , 3 w = <73 + E^4 6 " ) - 
i=i 

Note that there is an induced morphism X — > P 1 x A 1 as well as a morphism 
<Y — > A 1 whose fiber over is X. It is easy to check that, if the a±, . . . , (3$ 
are not all 0, then the general fiber is an elliptic surface over P 1 with at 
worst rational double points. There is a point q € X lying over (p, 0) and 
corresponding tox = y = 0, z = 1; the local equation for X at q is 

4 6 

y 2 = 4x 3 - (c 2 n 4 + a^u 4 ^ + 0{u b ))x - (c 3 n 6 + ^ ^t/u 6 ^ + 0{u 7 )). 

i=l i=l 

Make a weighted blowup of the open subset {z / 0} of P(C P i (2d)©C P i (3d)© 
O p i) x A 1 with coordinates u,v,x,y, where u and v have weight 1, x has 
weight 2 and y has weight 3. Thus the exceptional divisor is a weighted 
projective space P(l, 1,2,3). A standard calculation shows that the proper 
transform X of X in this weighted blowup has the effect of resolving the 
simple elliptic singularity at q € X, and in fact is the minimal resolution of 
the simple elliptic singularity, as well as resolving the cusp singularity on E. 
If X is the proper transform of X, then the new exceptional divisor on X is 
an elliptic curve F of self-intersection —1, the proper transform of E is an 
exceptional curve E, and contracting E gives a morphism X — > X' which is 
the blowup of X' at a point on the fiber F. 

The exceptional divisor of the morphism X — > X is a hypersurface X 
in the weighted projective space P(l,l,2,3) with homogeneous coordinates 
u, v, x, y. As X is defined by the homogeneous degree 6 equation 

4 6 
y 2 = 4x 3 - (c 2 u 4 + J2 aiv l u 4 - l )x - (c 3 n 6 + /W« 6-i ). 

i=i i=i 



45 



it is a degree one (generalized) del Pezzo surface in P(l, 1, 2, 3), i.e. rational 
double points are allowed. Clearly, by choosing the cti,/3j, one can arrange 
that X is an arbitrary del Pezzo surface subject to the condition that the 
curve defined by u = is isomorphic to F. If X is smooth (no rational double 
points), then X will be smooth as well, at least in a neighborhood of the 
fiber over 0. By a standard construction in threefold birational geometry 
(a "Type I modification," see for example |14} p. 13]), one can flip the 
exceptional curve E on X to X. The new fiber over £ A 1 then consists 
of X' together with the blowup X of the del Pezzo surface X at the base 
point of | — Kg\ (x = 1, y = 2, u = v = 0), which is then a rational elliptic 
surface. The construction can be summarized in the following picture: 



The birational morphism X — > X is the Type I modification, which con- 
tracts the exceptional curve E on X and blows up the corresponding point 
of X to obtain a rational elliptic surface X. The inverse image of (p, 0) G 
IP 1 x A 1 in X is the cuspidal fiber E. Thus the preimage of (p, 0) in the 
weighted blowup of X consists of the union of the exceptional divisor X 
and the proper transform of E, namely E. After flipping E, the inverse 
image of (p, 0) G P 1 x A 1 is just the divisor X, and hence the morphism 
X — > P 1 x A 1 factors through the blowup B of P 1 x A 1 at the point (p, 0) . 
Clearly the fiber over G A 1 of the morphism X — > A 1 is X' U X, and for 
t ^ 0, t in a nonempty Zariski open subset of A 1 , the fiber over t of the 
morphism X — > A 1 is a smooth elliptic surface. It is easy to check that the 
induced morphism X' U X — > P 1 U P 1 induces the given fibrations on X' 
and X. Replace A 1 by the nonempty open set A which is the complement 
of points other than where X — > A 1 fails to be smooth, and X , B by the 
respective preimages of A. It is then straightforward to see that X — > B is 
as claimed. □ 

We now complete the proof of Claim 15.71 and thus of Theorem 15.41 Let 
d > 3. By induction there exists an elliptic surface tt' : X' — > P 1 with 
x(Ox') = d — 1 > 2, with all fibers of ir 1 irreducible, and such that there 
exists a class £' G H l (X'; i? 1 (7r')^// n ) so that the corresponding pair (Y', D') 
satisfies: (f f )*0 Y >(D') = C P i (-l) n " fc . Let vr: X -> P 1 be a ratio- 
nal elliptic surface with all fibers irreducible, let D be a divisor of fiber 
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degree n on X such that 7r*Ox(D) = (whose existence is guaranteed 
by Theorem 15. 8p . and let £ £ H 1 (X; i? 1 -^*/^) be the class corresponding to 
the pair (X, D). Using the section a C X, we can identify H (X; R Tr*^) 
with {cr,^}- 1 C # 2 (X; /z n ), and similarly for X'. Let X -> B -> A be the 
family constructed in Theorem 15.111 From the Mayer- Vietoris sequence for 
X = X' U X, namely 

-> (p n )xo ~* (»n)x' © (t* n )x ~* (Vu)f -> 0, 

the pair (£',£) induces an element in H 2 (X;fj, n ) H 2 (X'; fj, n ) which is 
orthogonal to the classes of F and F' , and hence an element of Ao € 
H 2 (Xq; fi n ) orthogonal to the class of a fiber in each surface. 

By the proper base change theorem, after replacing A by an etale cover, 
which we continue to denote by A, there exists a class A G H 2 {X; fj, n ) whose 
restriction to H 2 (Xq] fjt n ) is Ao, and hence A • [F] =0 for every fiber F of the 
morphism X — > B. So finally there is an induced element of H l (X; i? 1 7r*/z n ), 
also denoted by A, which restricts in the appropriate sense on X' and X to 
give the classes £' and £, respectively. 

By the remarks at the beginning of the last section, since all fibers of the 
morphism X — > B are irreducible, the class A G H l (X ; i? 1 7r*/i n ) corresponds 
to a principal homogeneous space y — > B, together with a divisor P on 3^ of 
relative degree n. By construction, it is clear that the conditions of Claim loTTl 
are satisfied. This completes the proof of Claim 15.71 and Theorem 15.41 □ 
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